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Integration Techniques: Integration of Trigonometric Functions

DETAILED DESCRIPTION:

Various oscillation processes can be described by trigonometric functions. The research of such processes requires
the calculation of integrals where integrands are composite functions. Trigonometric identities are useful to
modify these integrals. In this chapter we will present the application of trigonometric formulas for more common
cases and the appropriate substitution for solving integrals. The method of trigonometric substitution will be
introduced additionally.

AIM: To learn the use of trigonometric identities and special cases of substitution for trigonometric
integrands.

Learning Outcomes:

1. Students will be able integrate the integrals of trigonometric functions applying some
trigonometric identities.
2. Students can apply the trigonometric substitution.

Prior Knowledge: rules of integration and differentiation; substitution methods for integrals;
algebra and trigonometry formulas.

Relationship to real maritime problems: trigonometric integrals are useful for describing and
for solving different problems on sinusoidal processes — for example, to construct an effective
shape of a ship propellers’ blades, or to calculate wave resistance for steady motion in ship’s
control equipment.
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Integration of Trigonometric Functions
1. Composite trigonometric functions of a linear argument

Some of the simplest cases where integrals involve sine and cosine functions are the following
f sinax dx; j cosax dx; j tanax dx

For such cases we can use simple substitution, for instance,

Example 1.1 Compute the integral
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fsinax dx
Solution
J-sinax dx = tli(izn ;uzza;dxl = éf sinudu = —%cosu +C = —%cosax +C

A slightly more complicated case is the integrand that is a tangent function

Example 1.2 Compute the integral
f tanaxdx

Solution

sinax let u = cosax
tanax dx = dx = ] =
cosax then du = —a sinax dx

1 (du 1
=——| —=——Inlul+ C=—-In|cosax| + C
al u a a

As additional special cases we can add these formulas to the list of basic integral formulas:

1
f sinax dx = —Ecosax +C
1
f cosax dx = Esmax +C
1
f tanax dx = —Elnlcosaxl +C

1
f cotax dx = 2 In|sinax| + C

2. Product of sines and cosines
Here we will look at the integrals of the product of trigonometric functions that have different
arguments, for instance,

f sinax - cosbx dx

For simplifying integrals of this kind we can apply the product-to-sum identities

1
sinax - cosbx = 2 (sin(ax + bx) + sin(ax — bx))

1
cosax - cosbx = 2 (cos(ax + bx) + cos(ax — bx))
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sinax - sinbx = 2 (cos(ax — bx) — cos(ax + bx))

The substitution takes place after splitting the integral into two parts.

Example 2.1 Compute the integral
f sinbx - sin2x dx

Solution

1
fsinSx -sin2x dx = Ef(cos3x — cos7x)dx =

1 1
= Efcos3x dx—zfcos7x dx =

1 1
= gsm3x — Esm7x +C

3. Powers of trigonometric functions
In this section we take consider the integrals which include the integer powers of sines and cosines. In
general form it is written as

J sin™x - cos™x dx

If at least one of the powers is an odd number, we can apply substitution.

Example 3.1 Compute the integral
f cos®x - sin®x dx

Let us notice that both functions have odd powers and the cosine function has bigger power than the
sine function. Therefore, we will substitute the cosine, but first we split the power of the sine into
multipliers and then use the trigonometric identity

sin®’x + cos*x =1
Solution
5. . i3 _ 50 cinZar s o _
fcos X - sin xdx—fcos X sin‘x - sinx dx =

let u = cosx | _

5 2 :
= | cos’x - (1 —cos*x -smxdx=| .
f ( ) du = —sinx dx

= —jus(l—uz)du=—fu5du+Ju7du=

cos®x N cos8x
6 8

u® ud
= —+—+4C=—
6 8
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Example 3.2 Compute the integral

cotx
— dx
sin°x

cotx coSx cosx
——dx = | ———5-dx= ——dx =
sin3x sinx - sin3x sintx
let u = sinx du 4
= =|—==|u du =
du = cosxdx u
-3 sin~3x 1

-3 -3 3sin3x

Solution

4. Double-angle trigonometric identities

In the previous section we discussed the methods of integration of sine and cosine functions on the
integer powers where at least one of the powers is an odd integer. For even cases we can apply
double-angle identities to eliminate the powers

. 2 1— cos2x
sin“x = ———
2
) 1+ cos2x
COS“X = —————
2
Example 4.1 Compute the integral
fcoszx dx

Solution

1+ cos2x 1 1
fcoszxdx=dex=Efdx+Ef0052xdx=

-1 +1 Lo 2x+C
—Zx > 25m x
Example 4.2 Compute the integral
fsin“x dx

Solution

. . 1 — cos2x\*
fsm“x dx = f(smzx)zdx = f (T) dx =

1
= Zf(l — 2c0s2x + cos?2x)dx

1f1+cos4x
—ax =

1 1
—Zfdx—ZIZCOSZxdx+Z >



ARE Innovative Approach in Mathematical Education for Maritime Students
L‘l‘h/Cf 2019-1-HR01-KA203-061000

1 1
_Zfdx—ZfCOSZXdZX-l-— —fdx+— —fcos4xdx=

1 1
=Zx—zsm2x+8x+§ Zsm4x+C—
—3 L in2x + 1 indx + C
—8x 4sm X 325m X

Notice that in the solution of example 4.2 the double-angle formula is applied repeatedly.

5. Trigonometric substitution
Here we shall look at more complex integrals where an integrand contains the square root of a
guadratic expression, for instance,

N
fx\/4—x2dx; fx—dx

x3

Trigonometric substitution is useful to simplify the integrands. The substitution method is based on
the trigonometric identity
sin’x + cos*x = 1

Dividing the identity by cos?x we derive a special case

1
cos’x

tan’x+1 =

We apply the-above mentioned identities for the following cases

Case1l. Forva? —x? we substitute x = asinu or x = acosu

Case 2. Forva? + x% we substitute x = atanu

Case 3. Forvx?2 —a? we substitute X = "

Example 5.1 Compute the integral
fx 4 — x2%dx

Solution

To solve the integral, we use trigonometric substitution and then we change the differential to
get the integral of the power function.

fxmdx—

let x = 2sinu, then dx = 2cosu du

4 — = 4 — 4sin’u = 4cos?u

= f 2sinu/ 4cos?u 2cosu du = Sfcoszu sinu du =

cos3u
+C

= —8J cos?ud(cosu) = —8

Now we return to the function with respect to the argument x

cos3u = cos?u - cosu = (1 — sinu)y/1 — sin?u =
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x2

as x = 2sinu follows 1 —sinu=1-— 7

Example 5.2 Compute the integral

x2 —25
J 3 dx
Solution
T 5 2sinu
J xZ_ZSd _|let x=—— then dx=—-—du
T3 WS cosu cos?u =
25 — x? = 25tan®u

tanu - cosu - sinu du =

V25tan?u - cos3u 2sinu 2
f 125 cos?u du - 25
2 n 1 1 1 B
= ﬁf sin“udu = gf(l — cos2u)du —ﬁ(u —Eszn2u> +C =

5 5 25 10
= = — [ = . — - = 2 _ —
as cosu o we get sin2u = 2 o 1 pwiw Vx%—125

—1( 5_ 5 2 25)+C
—25 aT'CCOSx x2 X

The following formula is applied to expand the function sin2u

sin2x = 2sinxcosx

6. Exercises
Compute the integrals

1. fsianx dx

2 f 324

. | co 2 X

3. fsinSx-cos4.5x dx

4. jsinllx-cosx dx
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cos3x
5. f — dx
sinsx
6. f8(1 — cos?x)dx
7. Apply trigonometric substitution
f\/l —x2dx
8. Solutions

1. fsianx dx
Solution

. 1 . 1
fslex dx = 1 sinl2x d12x = —Ecosﬂx +C

2 f 3%y
. co 4 X

Solution
3x
X COST u—smT
fcot—dx—fsm3 dx = ] _3 3xd =
) u—4cos4 X
B z|'31+c
=3 u—3nu —?’nsm4

3. fsinSx - cos4.5x dx
Solution

1
JsinSx - cos4.5x dx = Ej(sin9.5x + sin0.5x)dx =

. 1 s
=515 sin9.5x d9.5x + 5 2 J sin0.5x d0.5x =

1
= —Ecos9.5x —co0s0.5x+ C

4. fsinllx-cosx dx

Solution

11 u = sinx
sin**x -+ cosx dx =

= fulldu =

du = cosx dx

3 ul? fC- Sin12x+ c
12 12
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cos3x
5. — dx
sinsx

Solution

u = sinx

cos3x (1 — sin®x)cosx
= d

Sy X =
sin sin®x

du = cosx dx

1—u? . s
=f " du=Ju du—fu du =

u ™t u? 1 1
-

+
-4 =2 " 4sin*x | 2sin?x

6. 18(1 — cos?x)dx
Solution
f8(1 — cos?x)dx = 8fsin2x dx = 4[(1 —cos2x) dx =
=4fdx—2f6052xd2x=4x—25in2x+C
7. Apply trigonometric substitution

f JT— <2 dx

Solution

let x = sinu

J 1—x2dx = =J\/1—sin2ucosudu=
dx = cosu du

1+ cos2u 1 1
=fcosu-cosudu=fT du=zfdu+1fc052ud2u=

u = arcsinx

1 1
=su+-—-sin2u+C = =
4 sin2u = 2sinucosu = 2x/1 — x2

2

1 1
= Earcsinx +§x 1—x2+4+C
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