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Application of the Definite Integral. Arc length 

DETAILED DESCRIPTION: 
Definite integrals can be applied to calculate the length of various curves. This chapter explains 
the creation of the formula for calculation of arc length. The formula can be transformed for 
curves that are given as parametric equations or in polar form. The content is supplemented 
with examples of graphs constructed with GeoGebra and Desmos. 

AIM: to demonstrate the calculation of the arc length for curves given in the Cartesian coordinate 
system and for curves given in the polar coordinate system.  
 

1. Students understand the application of definite integral to solve geometry tasks. 
2. Students can calculate the arc length of given curves. 

 
 

Prior Knowledge: basic rules of integration and differentiation; the Newton-Leibniz formula; 
properties of a functions; the construction of the graph of a function; algebra and 
trigonometry formulas.   

Relationship to real maritime problems: With the help of definite integrals it is possible to 
calculate the lengths of different objects that can be described by functions. For instance, it is 
possible to calculate the length of a rope hanging between two supports by integration. 

 

 

Content 
1. The formula for calculation of the length of an arc 
2. The length of an arc given by parametric equations 
3. The arc length of a polar curve 
4. Exercises 
5. Solutions 
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Arc length 
1.  The formula for calculation of the length of an arc 
Let the function 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) be given over the interval [𝑎𝑎, 𝑏𝑏]. We will calculate the length of the arc 𝐴𝐴𝐴𝐴�  of 
this curve (see figure 1.1). 

 

Figure 1.1 

We will form a polygonal line by choosing points 𝐴𝐴 = 𝑃𝑃0,𝑃𝑃1,𝑃𝑃2,𝑃𝑃3, …,  and 𝑃𝑃𝑛𝑛 = 𝐴𝐴 (see figure 1.2). 

 

Figure 1.2 

Now we can calculate the length of every segment 𝑃𝑃𝑖𝑖−1𝑃𝑃𝑖𝑖 for every index 𝑖𝑖 (see figure 1.3): 

∆𝑙𝑙𝑖𝑖 = �(∆𝑥𝑥𝑖𝑖)2 + (∆𝑦𝑦𝑖𝑖)2,  

where  

∆𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1;   ∆𝑦𝑦𝑖𝑖 = 𝑓𝑓(𝑥𝑥𝑖𝑖) − 𝑓𝑓(𝑥𝑥𝑖𝑖−1)  
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Figure 1.3 

We change the expression 

∆𝑙𝑙𝑖𝑖 = �(∆𝑥𝑥𝑖𝑖)2 + (∆𝑦𝑦𝑖𝑖)2 = �1 + �
∆𝑦𝑦𝑖𝑖
∆𝑥𝑥𝑖𝑖

�
2
∙ ∆𝑥𝑥𝑖𝑖  

The approximate value of the arc length is the sum of the lengths of all segments ∆𝑙𝑙𝑖𝑖 

𝐴𝐴𝐴𝐴� ≈�∆𝑙𝑙𝑖𝑖

𝑛𝑛

𝑖𝑖=1

= ��1 + �
∆𝑦𝑦𝑖𝑖
∆𝑥𝑥𝑖𝑖

�
2
∙ ∆𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 

The result will be better if we divide the arc into smaller and smaller parts. Taking the limit when the 
maximum length of the interval ∆𝑥𝑥𝑖𝑖 tends to zero, we get the real length of the arc 

𝐴𝐴𝐴𝐴� = lim
𝑚𝑚𝑚𝑚𝑚𝑚∆𝑚𝑚𝑖𝑖→0

��1 + �
∆𝑦𝑦𝑖𝑖
∆𝑥𝑥𝑖𝑖

�
2
∙ ∆𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 

Here we can recall the definition of derivative of the function 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) with respect to the argument 
𝑥𝑥 

𝐥𝐥𝐥𝐥𝐥𝐥
∆𝒙𝒙→𝟎𝟎

∆𝒚𝒚
∆𝒙𝒙

= 𝒚𝒚′ 

Thus, we express the limit as an integral in the following way 

𝑨𝑨𝑨𝑨� = ��𝟏𝟏 + (𝒚𝒚′)𝟐𝟐
𝒃𝒃

𝒂𝒂

𝒅𝒅𝒙𝒙 

Example 1.1 Calculate the length of the line segment given by equation 𝑦𝑦 = 3𝑥𝑥 − 2  from 𝑎𝑎 = −2 and 
𝑏𝑏 = 3. 

Solution 

It is necessary to differentiate the given function to apply the formula 

𝑦𝑦′ = (3𝑥𝑥 − 2)′ = 3 
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Now 

𝐿𝐿 = ��1 + (3)2
3

−2

𝑑𝑑𝑥𝑥 = √10 �𝑑𝑑𝑥𝑥
3

−2

= √10𝑥𝑥�
3

−2
= √10(3 + 2) = 5√10 ≈ 15.8 

 

2. The length of an arc given by parametric equations 
If the arc 𝐴𝐴𝐴𝐴� = 𝐿𝐿 is described by parametric equations on the interval [𝑎𝑎, 𝑏𝑏] with respect to the 
argument 𝑥𝑥 

�
𝑥𝑥 = 𝑥𝑥(𝑡𝑡)
𝑦𝑦 = 𝑦𝑦(𝑡𝑡) 

we can apply substitution with respect to the argument 𝑡𝑡 

𝐿𝐿 = ��1 + (𝑦𝑦′)2
𝑏𝑏

𝑚𝑚

𝑑𝑑𝑥𝑥 = �
𝑥𝑥 = 𝑥𝑥(𝑡𝑡),   𝑑𝑑𝑥𝑥 = 𝑑𝑑(𝑥𝑥(𝑡𝑡)) = (𝑥𝑥′ (𝑡𝑡))𝑡𝑡𝑑𝑑𝑡𝑡 = �̇�𝑥𝑑𝑑𝑡𝑡

𝑦𝑦′ =
�̇�𝑦
�̇�𝑥

,   𝑥𝑥(𝑡𝑡1) = 𝑎𝑎,   𝑥𝑥(𝑡𝑡2) = 𝑏𝑏
� = 

= � �1 + �
�̇�𝑦
�̇�𝑥
�
2
∙ �̇�𝑥

𝑡𝑡2

𝑡𝑡1

𝑑𝑑𝑡𝑡 = � ��̇�𝑥2 + �̇�𝑦2
𝑡𝑡2

𝑡𝑡1

𝑑𝑑𝑥𝑥 

We can calculate the arc length for a parametrically given function by the formula 

𝑳𝑳 = � ��̇�𝒙𝟐𝟐 + �̇�𝒚𝟐𝟐
𝒕𝒕𝟐𝟐

𝒕𝒕𝟏𝟏

𝒅𝒅𝒙𝒙 

Example 2.1 

Calculate the arc length of an astroid 

�𝑥𝑥 = 4𝑐𝑐𝑐𝑐𝑐𝑐3𝑡𝑡
𝑦𝑦 = 4𝑐𝑐𝑖𝑖𝑠𝑠3𝑡𝑡  

Solution 

An astroid is the locus of a point on a circle as it rolls inside a fixed circle with four times the radius 
(see figure 2.1). Parameter 𝑡𝑡 expresses the angle. The curve can be constructed if the parameter 𝑡𝑡 
changes from 0 to 2𝜋𝜋. 
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Figure 2.1 

The curve is centrally symmetric with respect to the origin. Therefore, we can calculate one-fourth of 
the astroid where parameter 𝑡𝑡 changes from 0 to 𝜋𝜋/2. 

To create an integral, it is necessary to differentiate the parametric functions 

�
�̇�𝑥 = 4 ∙ 3𝑐𝑐𝑐𝑐𝑐𝑐2𝑡𝑡(−𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡)
�̇�𝑦 = 4 ∙ 3𝑐𝑐𝑖𝑖𝑠𝑠2𝑡𝑡 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡    

 

The length of the given astroid is 

𝐿𝐿 = 4��(4 ∙ 3𝑐𝑐𝑐𝑐𝑐𝑐2𝑡𝑡(−𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡))2 + (4 ∙ 3𝑐𝑐𝑖𝑖𝑠𝑠2𝑡𝑡 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡)2𝑑𝑑𝑡𝑡

𝜋𝜋
2

0

= 

= 4��144𝑐𝑐𝑐𝑐𝑐𝑐4𝑡𝑡𝑐𝑐𝑖𝑖𝑠𝑠2𝑡𝑡 + 144𝑐𝑐𝑖𝑖𝑠𝑠4𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐2𝑡𝑡

𝜋𝜋
2

0

𝑑𝑑𝑡𝑡 = 

= 4��144𝑐𝑐𝑐𝑐𝑐𝑐2𝑡𝑡𝑐𝑐𝑖𝑖𝑠𝑠2𝑡𝑡(𝑐𝑐𝑐𝑐𝑐𝑐2𝑡𝑡 + 𝑐𝑐𝑖𝑖𝑠𝑠2𝑡𝑡)

𝜋𝜋
2

0

𝑑𝑑𝑡𝑡 = 

= 4� 12𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡 𝑑𝑑𝑡𝑡

𝜋𝜋
2

0

= 48� 𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡 𝑑𝑑(𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡)

𝜋𝜋
2

0

 = 48
𝑐𝑐𝑖𝑖𝑠𝑠2𝑡𝑡

2 ��
𝜋𝜋
2
0

= 24(1 − 0) = 24 
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3. The arc length of a polar curve  
The arc length of a polar curve 𝑟𝑟 = 𝑟𝑟(𝜑𝜑) between the rays 𝛼𝛼 and 𝛽𝛽 is given by the integral 

𝑳𝑳 = ��𝒓𝒓𝟐𝟐 + (𝒓𝒓′)𝟐𝟐
𝜷𝜷

𝜶𝜶

𝒅𝒅𝒅𝒅 

Example 3.1  

Calculate the length of the arc of the circle 𝑟𝑟 = 6 between 𝑐𝑐 ≤ 𝜑𝜑 ≤ 2𝜋𝜋
3

 

Solution 

We will calculate the length of the arc that is one-third of the circle with radius 6 (see figure 3.1) 

 

Figure 3.1 

Provided that the value of derivative 𝑟𝑟’ = 0, the length of the arc is 

𝐿𝐿 = � √36 + 0

2𝜋𝜋
3

0

𝑑𝑑𝜑𝜑 = � 6

2𝜋𝜋
3

0

𝑑𝑑𝜑𝜑 = 6𝜑𝜑��
2𝜋𝜋
3
0

= 4𝜋𝜋 

 

4. Exercises 
1. Calculate the arc length of the curve 𝑦𝑦 = 4

3
√𝑥𝑥3 from 1 to 2. 

2. Calculate the arc length of the curve 𝑦𝑦 = 𝑙𝑙𝑠𝑠𝑥𝑥 from 1 to √2. 

3. Find the length of one arc of the cycloid given by parametric equations 

�
𝑥𝑥 = 2(1 − 𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡)
𝑦𝑦 = 2(𝑡𝑡 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡) 

4. Calculate the arc length of the circle 𝑟𝑟 = 4𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑 included between the polar rays 𝜑𝜑 = −𝜋𝜋
3

 

and 𝜑𝜑 = 𝜋𝜋
5

. 
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5. Solutions 
1. Calculate the arc length of the curve 𝑦𝑦 = 4

3
√𝑥𝑥3 from 1 to 2. 

Solution 

Construct the graph 

 

Figure 5.1 

We calculate the arc length between the points A and B. The derivative of the function 

𝑦𝑦′ = �
4
3
𝑥𝑥
3
2�

′
= 2√𝑥𝑥 

We use the arc length formula 

𝐿𝐿 = ��1 + �2√𝑥𝑥�
2

2

1

𝑑𝑑𝑥𝑥 = �√1 + 4𝑥𝑥
2

1

𝑑𝑑𝑥𝑥 = �
𝑢𝑢 = 1 + 4𝑥𝑥,   𝑑𝑑𝑢𝑢 = 4𝑑𝑑𝑥𝑥

𝑥𝑥1 = 1,   𝑢𝑢1 = 5, 𝑥𝑥2 = 2,   𝑢𝑢2 = 9   
� = 

=
1
4
�𝑢𝑢

1
2

9

5

𝑑𝑑𝑥𝑥 =
1
4
𝑢𝑢
3
2

3
2
�

9

5
=

1
6
�33 − �53� =

1
6 �

27 − 5√5� ≈ 2.64 

2. Calculate the arc length of the curve 𝑦𝑦 = 𝑙𝑙𝑠𝑠𝑥𝑥 from 1 to √2. 

Solution 

Construct the graph of the given function 
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Figure 5.2 

The derivative of the function 𝑦𝑦 = 𝑙𝑙𝑠𝑠𝑥𝑥 is 

𝑦𝑦′ = (𝑙𝑙𝑠𝑠𝑥𝑥)′ =
1
𝑥𝑥

 

To calculate the integral, we use an algebraic transformation of the integrand and apply 

substitution 

𝐿𝐿 = � �1 +
1
𝑥𝑥2

√2

1

𝑑𝑑𝑥𝑥 = � �𝑥𝑥
2 + 1
𝑥𝑥2

√2

1

𝑑𝑑𝑥𝑥 = 

= �
√𝑥𝑥2 + 1

𝑥𝑥

√2

1

𝑑𝑑𝑥𝑥 = �
√𝑥𝑥2 + 1
𝑥𝑥2

√2

1

𝑥𝑥𝑑𝑑𝑥𝑥 = �
𝑢𝑢2 = 𝑥𝑥2 + 1,   2𝑢𝑢𝑑𝑑𝑢𝑢 = 2𝑥𝑥𝑑𝑑𝑥𝑥

𝑢𝑢1 = √2,   𝑢𝑢2 = √3
� = 

= �
𝑢𝑢

𝑢𝑢2 − 1

√3

√2

𝑢𝑢𝑑𝑑𝑢𝑢 = �
𝑢𝑢2 − 1 + 1
𝑢𝑢2 − 1

√3

√2

𝑑𝑑𝑢𝑢 = 

= � 𝑑𝑑𝑢𝑢
√3

√2

+ �
1

𝑢𝑢2 − 1

√3

√2

𝑑𝑑𝑢𝑢 = 𝑢𝑢 +
1
2
𝑙𝑙𝑠𝑠 �

1 + 𝑢𝑢
1− 𝑢𝑢��

�
√3

√2
= 

= √3 − √2 +
1
2�

𝑙𝑙𝑠𝑠 �
√3 − 1
√3 + 1

� − 𝑙𝑙𝑠𝑠 �
√2 − 1
√2 + 1

�� ≈ 0.54 

 

3. Find the length of one arc of the cycloid given by parametric equations 

�
𝑥𝑥 = 2(𝑡𝑡 − 𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡)
𝑦𝑦 = 2(1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡) 

Solution 
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We can calculate the length of one arc of the cycloid (see figure 5.3) if the range of the parameter    

𝑡𝑡 ∈  [0,2𝜋𝜋]. 

 

Figure 5.3 

First we will calculate the derivatives 

�̇�𝑥 = 2(1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡)
�̇�𝑦 = 2𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡             

Now we will simplify the expression by applying algebra and trigonometry formulas 

�̇�𝑥2 + �̇�𝑦2 = 4(1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡)2 + 4𝑐𝑐𝑖𝑖𝑠𝑠2𝑡𝑡 = 4(1 − 2𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡 + 𝑐𝑐𝑐𝑐𝑐𝑐2𝑡𝑡 + 𝑐𝑐𝑖𝑖𝑠𝑠2𝑡𝑡) = 

= 4(2 − 2𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡) = 8 ∙ 2𝑐𝑐𝑖𝑖𝑠𝑠2
𝑡𝑡
2

= 16𝑐𝑐𝑖𝑖𝑠𝑠2
𝑡𝑡
2

 

We use trigonometry formulas 

𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐𝒕𝒕 + 𝒄𝒄𝒔𝒔𝒔𝒔𝟐𝟐𝒕𝒕 = 𝟏𝟏 

𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝒕𝒕 = 𝟐𝟐𝒄𝒄𝒔𝒔𝒔𝒔𝟐𝟐
𝒕𝒕
𝟐𝟐

 

The length of the first arc of cycloid is 

𝐿𝐿 = � ��̇�𝑥2 + �̇�𝑦2
2𝜋𝜋

0

𝑑𝑑𝑡𝑡 = � �16𝑐𝑐𝑖𝑖𝑠𝑠2
𝑡𝑡
2

2𝜋𝜋

0

𝑑𝑑𝑡𝑡 = 

= � 4𝑐𝑐𝑖𝑖𝑠𝑠
𝑡𝑡
2

2𝜋𝜋

0

𝑑𝑑𝑡𝑡 = −8𝑐𝑐𝑐𝑐𝑐𝑐
𝑡𝑡
2�

2𝜋𝜋

0
= −8(𝑐𝑐𝑐𝑐𝑐𝑐𝜋𝜋 − 𝑐𝑐𝑐𝑐𝑐𝑐0) = −8 ∙ (−2) = 16 

 

4. Calculate the arc length of the circle 𝑟𝑟 = 4𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑 included between the polar rays 𝜑𝜑 = −𝜋𝜋
3

 

and 𝜑𝜑 = 𝜋𝜋
5

. 

Solution 

Construct the curve in the polar coordinate system (see figure 5.4) 
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Figure 5.4 

Calculate the derivative and transform the trigonometric expression 

𝑟𝑟′ = (4𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑)′ = −4𝑐𝑐𝑖𝑖𝑠𝑠𝜑𝜑 

𝑟𝑟2 + 𝑟𝑟′2 = 16𝑐𝑐𝑐𝑐𝑐𝑐2𝜑𝜑 + 16𝑐𝑐𝑖𝑖𝑠𝑠2𝜑𝜑 = 16 

Create an integral 

𝐿𝐿 = ��𝑟𝑟2 + 𝑟𝑟′2

𝜋𝜋
5

−𝜋𝜋3

𝑑𝑑𝜑𝜑 = �√16

𝜋𝜋
5

−𝜋𝜋3

𝑑𝑑𝜑𝜑 = 4𝜑𝜑��

𝜋𝜋
5
−
𝜋𝜋
3

= 4 �
𝜋𝜋
5

+
𝜋𝜋
3
� =

32𝜋𝜋
15
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