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6.6. The tangent and normal lines to the graph 
 

Let a curve be defined by the formula ( )xfy =  , where  f  is a differentiable function. The curve 

secant passing through the points ( )( )0 0,x f x  and ( )( ),x f x , where 0x x , is the line with a 

slope coefficient  
( ) ( )0

0

f x f x
tg

x x


−
=

−
. 

When 0x x→ , then the secant line tends tangent line to the curve at the point ( )( )0 0,x f x , 

whose slope coefficient of a line is equal to 0tan . Obviously, it is valid that: 

( )0 0 0x x tg tg f x  →  → = .  

Therefore: 

the equation of the tangent line to the graph of function ( )xfy =  at the point ( )000 , yxT , 

where ( )00 xfy = , a ( ) Rkxf =
0 , is: 

  ( ) ( )( )000 xxxfxfy −=− ;   

while the equation of the normal line perpendicular to the tangent line at that point is: 

  ( )
( )

( )0

0

0

1
xx

xf
xfy −


−=− . 

 
Figure 6.4 
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The angle   at which the graphs of the functions ( )xfy 11 =  and ( )xfy 22 =  intersect at the 

point ( )000 , yxT  is the angle between their tangents at that point, and is calculated according 

to the formula: 

  ( )
( ) ( )
( ) ( )0201

0102

22

12
12

11 xfxf

xfxf

tgtg

tgtg
tgtg

+

−
=

+

−
=−= .  

The angle   is an angle that we need to rotate the tangent 
1t  of the function

1f  in the positive 

direction (counter-clockwise) around their mutual point, so that it could be aligned with the 

tangent 
2t  of the function

2f  (see the figure). 

 

G

G

f

f

2

2

2

1

1

1

T0

t t

 



 

Figure 6.5 

 

Example 1  

Find the equations of the tangent and the normal lines to the graph of function 

( ) 233 +−= xxxf  at a point whose abscissa is 20 =x . 

 
Solution: 

If we insert 20 =x  into the formula by which the function is given, we get the ordinate of the 

point T0, that is ( ) ( ) 4200 === fxfy .  

Now we look for the equations of the tangent and the normal at the point ( )420 ,T . We can find 

the derivative at the point 20 =x : 
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( ) 33 2 −= xxf      ( ) 92 =f . 

Equation of the tangent:    4−y = ( )29 −x   or  

0149 =−− yx . 

Equation of the normal:    4−y = ( )2
9

1
−− x   or  

0389 =−+ yx . 

Example 2  

Find the angle at which the functions 
2

4
2x

y −=  and xy −= 4  intersect. 

 

Solution: 

The angle   at which the graphs of functions 
1f  and 

2f  intersect at the intersection point 

( )111 , yxM  is calculated through the well-known formula 

  
( ) ( )

( ) ( )

2 1 1 1

1 1 2 1

tan
1

f x f x

f x f x


 −
=

 +
. 

The intersection points of the given functions are obtained by solving the system of equations: 





==

==
















−=

−=

,y,x

,y,x

xy

x
y

22

40

4
2

4

22

11

2

 

that is, ( )4 01 ,M ; ( )2 22 ,M . (see the figure) 
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Figure 6.6 

We obtain the angle at the point ( )4 01 ,M  by inserting the point into ( ) xxf −=


1  and 

( ) 12 −=


xf ; so that ( ) 001 =


f  and ( ) 102 −=


f . Therefore, 
( ) ( )

( ) ( )

2 1

1

1 2

0 0 1
tan

11 0 0

f f

f f


 −
= = −

 + 

=−= 1351 1 . 

Analogously, we obtain the angle at the point ( )2 2, 2M  by inserting into ( )1f x x = −  and

( )2 1f x = − ; so that ( )1 2 2f  = −  and ( )2 2 1f  = − . Therefore, 

( )
( ) ( )

( ) ( ) ( )( )
2 1

1

1 2

2 2 1 2 1
tan 180

1 2 1 31 2 2

f f

f f


 − − +
− = = =

  + − −+ 
  ´ ˝

1180 18 266− =   1 = 16133’54’’ 

 

Exercises 6.13 

Find the equations of the tangent and normal lines to the functions at the given points: 

(1.)  ( ) 52 2 +−= xxxf  at the point 







− 6 

2

1
0 ,T ; 

(2.)  ( ) 342 23 −−+= xxxxf  at the point ( )5 20 ,T − ; 

(3.)  ( ) 3 1−= xxf  at the point with the abscissa 10 =x . 
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Solution:   

(1.) ( ) 52 2 +−= xxxf  ; 







− 6 

2

1
0 ,T . Find the derivative at the point 

2

1
0 −=x : 

( )xf  = −14x 3
2

1
−=








−f . 

The equation of the tangent through the point ( )( )000 , xfxT  has a standard form: 

( )0xfy − = ( )( )00 xxxf − , so that, for the given function, the equation of the tangent is: 

6−y = 







+−
2

1
3 x      or    0962 =−+ xy . 

The equation of the normal through the point ( )( )000 , xfxT  has the form: 

( )
( )

( )0

0

0

1
xx

xf
xfy −


−=− , so that 









+=−

2

1

3

1
6 xy  or 03726 =−− xy . 

 

(2.) ( ) 342 23 −−+= xxxxf ;    ( )5 20 ,T − . 

 

( )xf  = −+ 443 2 xx ( ) 02 =−f . 

The equation of the tangent is 05 =−y , while the equation of the normal is 02 =+x . 

 

Note: if ( ) 00 = xf  then the equation of the tangent ( )0xfy = (this is a line parallel to the x-axis 

passing through the point ( )( )000 , xfxT , and the equation of the normal is 0xx = .  

 

(3.) ( ) 3 1−= xxf  at the point with the abscissa 10 =x . 

 

Since ( ) 000 == xfy , we should find the equation of the tangent and the normal passing 

through the point ( )0 1, 0T . The derivative of the function ( ) 3 1−= xxf  at the point 10 =x  is 
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( )
( )


−

=
3 2

13

1

x
xf ( ) ( )10 fxf =  does not exist, that is 

( ) ( )
( )

=





 −

==
→→ 3 211

13

1
lim lim 1

x

xff
xx

. 

The equations of the tangent and the normal are 01=−x  and 0=y  accordingly. 

Note: if ( ) →
0xf  as x tends to x index 0, 1→x , then the equation of the normal is 

( ) 00 =− xfy  and the tangent is 00 =− xx .  

 

Exercise 6.14 

Find the intersection of the tangents on the curve 
2

2

3

31

x

x
y

+

+
=  at the points for which 1=y . 

Solution: 

The conditions of the task imply that 





−=

=
==

+

+

1

1
11

3

31

2

12

2

2

x

x
x

x

x , that is ( )1 11 ,T −  and ( )1 12 ,T . 

Let us find the values of the derivative at the points 
1T  and 

2T . From ( )
( )223

16

x

x
xy

+
=  it 

follows that 

( ) 111 −=−= yk ; ( ) 112 == yk , so that 

( ) xyxyt −=+−=− 111:1 , and 

( ) xyxyt =−=− 111:2 . 

Therefore, the intersection point of tangent lines t1 and t2 on the given curve is ( )0,0S . 

 

Exercise 6.25 

Find the equation of the normal to the graph of function ( ) xxxf ln=  which is parallel to the 

line 0332 =+− yx . 

Solution: 
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In order to achieve that the normal to the graph of the given function in 0x  is parallel to the 

line p, it must be valid that 
( )0

1

xf
k p


−= , where pk  is the slope coefficient of the line p 

direction. From the given derivative, it follows that  

( ) 1ln
1

ln1 +=+= x
x

xxxf , and 

( ) 1ln 00 += xxf .  

From  
3

2
1

3

2
=+= pkxy : so that 

2

5

000

0 2

5
ln32ln2

3

2

1ln

1 −

=−=−=+=
+

− exxx
x

. 

Since ( ) 2

5

2

5

2

5

2

5

00
2

5
ln

−−−−

−==













== eeeefxfy , the graph of the given function has a 

normal parallel to the line  0332 =+− yx  at the point 
















−
−

2

5

2

5

0

2

5
 

e

,eT , hence the equation of 

the required normal is: 














−=+

−
2

5

2

5 3

2

2

5
ex

e

y  or 
2

5

6

19

3

2

e

xy −= . 

Exercise 6.36 

On the graph of the function ( ) 522 +−= xxxf  find the point at which the tangent is vertical 

to the line xy = . 

Solution: 

In order to achieve that the tangent to the graph of the given function in 0x  is vertical to the 

line p, it must be valid that ( )
pk

xf
1

0 −= , where pk  is the coefficient of the line  p  direction. 

From the derivative of the given function ( ) 22 −= xxf  it follows that ( ) 22 00 −= xxf . 

From xy =  it follows that 1=pk , therefore  
2

1
122 00 =−=− xx . 
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Since ( )
4

17
5

2

1
2

2

1

2

1
2

00 =+−







=








== fxfy , the graph of the given function has the 

tangent vertical to the line  xy =   at the point  








4

17
 

2

1
0 ,T . 

Exercise 6.47 

Find the angle at which the graph of the function ( )
1

arctan 1f x
x

 
= + 

 
 intersects the x-axis. 

Solution: 

The angle at which the graph of function f intersects the x-axis is the angle the tangent at that 

point makes with the positive direction of the x-axis. The desired angle   is obtained as a 

solution to the trigonometric equation ( )0 tantf x k  = = , where 0x  is the zero of the function f. 

0x  is obtained by solving the equation 

0

1 1
arctan 1 0 1 0 1x

x x

 
+ =  + =  = − 

 
. 

We know that  

( )
( )2222

1

11

1
11

1

++
−=








−









++

=
xxx

x

xf , so that 

( ) ( ) 110 −=−= fxf . 

It follows that 
3

tan 1
4


 = −  = . 

Exercise 6.58 

Find the equations of the tangent and the normal at the point ( )1 1,T  on the graph of the 

function that is implicitly given by the equation 0155 =−−+ xyyx . 

Solution: 

If we denote ( ) 1, 55 −−+= xyyxyxF , then  ( ) 01 1 =,F and the partial derivative F  by  y  

( ) ( ) 045 1,1

4

1,1 =−=



xy

y

F
, so that 
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( ) ( ) 11
5

5
4

4

−=
−

−
−=








−= f
xy

yx

y

F
x

F

xf . 

Therefore, the equation of the tangent is:  ( )111 −−=− xy     or   02 =−+ xy . 

The equation of the normal:  ( )1
1

1
1 −

−
−=− xy    or   0=− xy . 

Exercise 6.69 

Find the equations of the tangent and the normal on the parametrically given curve:  

( ) ( )

( ) 0

ln cos 1,

tan cot ,       u    .    
4

x t t

y t t t t


 = +



= + =


       

Solution: 

For the parameter value 
4

0


=t  it follows that 

( ) 1
2

2
ln1

4
cosln

4
00 +=+=








==


xtxx , and 

( )0 0 tan cot 1 1 2
4 4 4

y y t y
   

= = = + = + = 
 

. 

We need to find the equation of the tangent and the normal at the point 













+ 2 1

2

2
0 ,lnT . 

Since: 

( )xy =
( )
( )

0

11

4

22

0

0

0

=

−

−

=





=ttcos

tsin
tsintcos

tx

ty
, that is, 0=tk ,  

the tangent is parallel to the x-axis, while the normal is parallel to the y-axis at the point 0T , so 

that  

tangent line 202     : ==− yyt , and 

normal line 1
2

2
01

2

2
    : +==−− lnxlnxn . 
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Exercises 6.20 

Find the equation of the tangent and the normal at the point (0, 0) on the parametrically given 

curve: 

( )

( )







=

=

,
t

tln
ty

,tlnttx
   

Solution: 

( )

( ) 1
0  0

00

0

0

0

00

0000

=







===

===

t

t

tln
tyy

tlnttxx

 (parameter 01 =t  is not from the domain of 

the given functions and is not taken into consideration). 

( )
( )

1
1

1

1

21

0

0

=
+

−
==

=

=

t

tt
tlnt

tln
xyk . 

Now it is easy to obtain that the equation of the required tangent is xy = , while the equation 

of the normal is  xy −= .  


