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6.6. The tangent and normal lines to the graph

Let a curve be defined by the formula y = f(x) , where f is a differentiable function. The curve
secant passing through the points (XO, f (XO)) and (X, f (X)), where X, # X, is the line with a

()1 (%)

X—X,

slope coefficient tge =

When X — X,, then the secant line tends tangent line to the curve at the point (XO, f (XO)),

whose slope coefficient of a line is equal to tang,. Obviously, it is valid that:
X — X, =>tgp >tgg, = £'(X,).
Therefore:
the equation of the tangent line to the graph of function y = f(x) at the point T,(X,, Y, ),
where y, = f(X,),a f'(x,)=k eR, is:

y— (%)= (% )X =Xo);

while the equation of the normal line perpendicular to the tangent line at that point is:

)(X_Xo)-

y- f(xo):_%

0

A

Yo=f(xo)

Figure 6.4
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The angle @ at which the graphs of the functions y, = f (x) and y, = f,(x) intersect at the
point T,(X,, Y, ) is the angle between their tangents at that point, and is calculated according

to the formula:

t9p, —tgo, _ fzr(xo)_ fl'(XO) '
1+1t9¢,t0¢, 1+ fll(xo)' le(xo)

tgo = tg((Pz _(Pl):

The angle @ isan angle that we need to rotate the tangent t, of the function f, in the positive
direction (counter-clockwise) around their mutual point, so that it could be aligned with the
tangent t, of the function f, (see the figure).

A\

Figure 6.5

Example 1

Find the equations of the tangent and the normal lines to the graph of function
f(x)=x* =3x+2 ata point whose abscissais X, = 2.

Solution:
If we insert X, =2 into the formula by which the function is given, we get the ordinate of the

point To, thatis y, = f(x,)= f(2)=4.

Now we look for the equations of the tangent and the normal at the point T, (2,4). We can find

the derivative at the point X, =2:
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f(x)=3x*-3 = f'(2)=9.

Equation of the tangent: y—4=9(x-2) or
I9x—-y-14=0.
Equation of the normal: y—4 :_é(x_z) or
X+9y—-38=0.
Example 2

2
X
Find the angle at which the functions Yy = 4—? and y =4 — x intersect.

Solution:

The angle @ at which the graphs of functions f, and f, intersect at the intersection point

M, (x,,y,) is calculated through the well-known formula

£, (x)-f, (%)

1+, (x)f, (%)

tang =

The intersection points of the given functions are obtained by solving the system of equations:

X2
y:4—7 :{Xlzoi Y1 =4,
y=4-X X, =2, ¥, =2,

thatis, M,(0,4); M, (2,2). (see the figure)
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Figure 6.6

We obtain the angle at the point M,(0,4) by inserting the point into f, (x):—x and

fz,(x):—l; so that fl,(O):O and fzr(O):—l. Therefore, tang = f, (,O)_ f fo) _ 1
1+ 1) (0) f, (0) 1

= 1= ¢, =135°.

Analogously, we obtain the angle at the point M2(2, 2) by inserting into fll(x)z—x and

le(x)z—l; so that f1'(2):—2 and fz,(2)=—1. Therefore,
tan (180" -, ) = " (,2)_ h 52) S LN SN T, —a, =18266 = a, =161°33'54"
1+, (2)-f, (2) 1+(-2)(-1) 3

Exercises 6.13

Find the equations of the tangent and normal lines to the functions at the given points:

(1.) f(x):2x2—x+5 at the point T{—%ﬁj;
(2.) f(X)=X3+2X2—4X—3 at the point TO(—2,5);
(3.) f(X) =3/x-1 atthe point with the abscissa X, =1
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Solution:

(1) f(x)=2x*=x+5 ;TO(—%,GJ. Find the derivative at the point x, = _%:

( 1
rigrtecto 1{-1)
The equation of the tangent through the point TO(XO, f(XO)) has a standard form:

y—f(x0)=f'(x0)(x—x0), so that, for the given function, the equation of the tangent is:
y—6=—3(x+%j or 2y+6Xx—9=0.

The equation of the normal through the point TO(XO, f(XO)) has the form:

1
y—f(xo):—f,(xo)(X—Xo),sothat
—G—E(x+£j 6y —2x—-37=0
y =3 5 or 6y —2x—-37=0.

(2)  f(x)=x*+2x* —4x-3; T,(-2,5).

f(x)=3x" +4x-4= f'(-2)=0.

The equation of the tangent is y—5=0, while the equation of the normal is X+2=0.

Note: if f’(X0)= 0 then the equation of the tangent Y = f(XO)(th/'s is a line parallel to the x-axis
passing through the point T, (Xo, f(X0 )), and the equation of the normal is X = X,.

(3.) f(X) =3/x-1 atthe point with the abscissa X, =1

Since Y, = f(Xo)ZO, we should find the equation of the tangent and the normal passing

through the point T;(1,0). The derivative of the function f(X) ={/x-1 at the point X, =1 is
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1

)= ——— — f'(X ): f'(l) does not exist, that is
ey T
£/0)=lim £/(x)=lim ——=— —co.

The equations of the tangent and the normal are X—1=0 and y = 0 accordingly.

Note: if f'(Xo)—NO as x tends to x index 0, x =1, then the equation of the normal is

y—1(X,)=0 and the tangent is X=X, =0.

Exercise 6.14

1+ 3x?
X2

Find the intersection of the tangents on the curve Y = at the points for whichy =1.

Solution:

The conditions of the task imply that

2 —
1+3x —1=x2=1= X =1 , thatis Tl(—l,l) and T2(1,1).
3+x? X, =—1
. . . , 16x ,
Let us find the values of the derivative at the points T, and T,. From y (X)= —— it
(3+x2)
follows that

k, =y'(~1)=-1; k, = y'(1) =1, so that
t,:y-1=-1x+1)=y=-X, and

t,:y-1=1x-1)=y=x.

Therefore, the intersection point of tangent lines t and t, on the given curve is S(0,0).

Exercise 6.25

Find the equation of the normal to the graph of function f(x)= xIn x which is parallel to the

line 2x -3y +3=0.

Solution:
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In order to achieve that the normal to the graph of the given function in X, is parallel to the

line p, it must be valid that k, =— where kp is the slope coefficient of the line p

_1
f'(xo),

direction. From the given derivative, it follows that

f'(x)=1-In X+x-L=Inx+1,and
X

f'(x,)=Inx, +1.
From y:§x+1:> kp :%:sothat

5
_;:g:ZInxo+2:—3:>|nX0=—§:>Xo:e 2.
Inx,+1 3 2

5 5 5 5
Since y, = f(x,)= f(e_ZJ =e2-Ine? =_ge_2, the graph of the given function has a

5

normal parallel to the line 2x—3y+3=0 at the point T, e? V= hence the equation of

5 7

2e?
the required normal is:

5 2 - 2 19
y+—5:§(x—e 2]or yzgx— 5
2e?

Exercise 6.36

On the graph of the function f(X)= x> —2X+5 find the point at which the tangent is vertical
tothe line Yy =X.

Solution:
In order to achieve that the tangent to the graph of the given function in X, is vertical to the

1
line p, it must be valid that f '(Xo)z i where kp is the coefficient of the line p direction.
p

From the derivative of the given function f’(x)=2x—2 it follows that f'(XO): 2%, —2.

From Y =X it follows that kp =1, therefore 2X, —2=—-1= X, = l
2
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. 1) (1) .1 17 . .
Since y, = f(x0)= f > = 5 —2~E+5=T, the graph of the given function has the

. . . 117
tangent vertical to the line Y =X at the point T, E’I )

Exercise 6.47
1
Find the angle at which the graph of the function f(x)= arctan(l+;j intersects the x-axis.

Solution:

The angle at which the graph of function f intersects the x-axis is the angle the tangent at that
point makes with the positive direction of the x-axis. The desired angle @ is obtained as a

solution to the trigonometric equation f'(XO): k. =tang, where X, is the zero of the function f.

X, is obtained by solving the equation

arctan(1+1J :O:>1+1:0:> X, =-1.
X X

We know that

It follows that tang=-1=¢ = 37”

Exercise 6.58

Find the equations of the tangent and the normal at the point T(l,l) on the graph of the
function that is implicitly given by the equation X+ y5 -xy-1=0.

Solution:
If we denote F(X, y): x>+ y5 —-Xy-1, then F(l,l) = 0 and the partial derivative F by y

oF
E ) = 5y* - X‘ 1) =4#0, sothat
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oF
' OX 5X4_'y ’
(=2 =- 2T 1)
oy
Therefore, the equation of the tangentis: y—1=-1(x—-1) or y+x-2=0.
The equation of the normal: y_1:_il(x_1) or y—x=0.

Exercise 6.69
Find the equations of the tangent and the normal on the parametrically given curve:
x(t)=In(cost)+1,
y(t)= tant+cott, u t, =%.
Solution:

For the parameter value ¢, =% it follows that
x, = x(t,) = z :]ncos£+1:1n£+1, and
4 4 2

T T T
=y(t )=y| = |=tan—+cot—=1+1=2.
Yo=Y(t) yb} 5 Hoot

V2 J .

We need to find the equation of the tangent and the normal at the point T{In - +1,2

Since:

11

(t) _ cos®t sin’t
(t,) sint

cost

y'(x)= z, =0, thatis, kt = 0,

tp="

~

the tangent is parallel to the x-axis, while the normal is parallel to the y-axis at the point T,, so
that

tangentlinet: y—-2=0=y=2,and

V2 V2

normal line n: x—In7—1=0:>x:In7+l.
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Exercises 6.20

Find the equation of the tangent and the normal at the point (0, 0) on the parametrically given
curve:

x(t)=tInt,
y(t)=lnTt,

Solution:
X, =X(t,)=0= t,Int, =0

Yo = y(t )—0:> Int, =0 =1t, =1 (parameter t, =0 is not from the domain of
0o =Y\ )= — =

0
the given functions and is not taken into consideration).

1-Int

=Y =T, 7Y
¢ y(XXt():l t2(1+|nt)t0=1

Now it is easy to obtain that the equation of the required tangent is ¥ = X, while the equation

of the normalis Yy =-X.
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