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6.9.  Exercises  
 

Task 1. Prove that: 

(1.) 
( )2

dxc

adbc

dxc

bxa

+

−
=












+

+ ; (2.) 
( )22

2

2
55

2562

55

32

+−

+−−
=












+−

+

xx

xx

xx

x
; 

(3.) 
( )22 12

411

12

2

−

−
=











−

− xx

x

xx
; (4.) ( )  xx xeex =−  1 ; 

(5.) 
( )

32

2

x

xe

x

e xx −
=











; (6.) 

( )222
1

12

1

1

++

+
−=












++ tt

t

tt
. 

 

Task 2. Find the derivatives: 

(1.) ( )42531 xxy ++= ; (2.) ( )33 xsiny −= ; 

(3.) 
xcos

xsiny
2

3 2 1
+= ; (4.) xey xx 53 ln122 +++= ; 

(5.) sin3 cos tan
5

x
y x x= + + ; (6.) ( )2sin 5 1 tan

a
y x x

x
= − + + ; 

(7.) ( ) ( )arctan ln ln arctan  y x x= + ; (8.) 
2ln arctan

3

x
y

 
=  

 
; 

(9.) 
x

x
lnxy

11
1

2
2 ++

−+= ; (10.) 
1 sin

ln 2arctan sin
1 sin

x
y x

x

+
= +

−
; 

(11.) 

2

2

3 1 1 1 1
ln ln arctan  

4 1 4 1 2

x x
y x

x x

+ −
= + +

− +
; (12.) 

2

2
1

1
xln

x

xarcsinx
y −+

−
= ; 

(13.) 
tcos

tsin
ln

tcos

tsin
y

+
+=

1
2

; (14.) 2arctan  ln 1x x xy e e e= − + . 

(15.) 
2 2sin cos

1 cot 1 tan

x x
y

x x
= +

+ +
 (16.) 

2

2
arctan  ln

1

x
x

x

e
y e

e
= −

+
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Answers: 

(1.) ( ) ( )xxxy 1035314
32 +++= ; (2.) ( ) xcosxsiny

2
33 −−= ; 

(3.) 
xcos

xsin

xsin

xcos
y

33

2

3

2
+


= ;  (4.) 

( ) x

xln

e

lne
y

xx

xx 4

3 2

5

1223

222
+

++

+
= ; 

(5.) 
xcosx

x
sinxcosy

2

1

2

1

55

1
33 +−= ;(6.) ( ) ( )

x

a
cos

x

a
xxcosxy

2
2

2 1
1552 −+−−=

; 

(7.) 
2 2

1 1 1 1

1 ln arctan  1
y

x x x x
 =  + 

+ +
; (8.) 

2

1 3
2lnarctan

3 9
arctan

3

x
y

x x

 
 =   

+ 
; 

(9.) 
x

x
y

12 +
= ;    (10.) 

xsinxcos
y

2
= ; 

(11.) 
1

3
4

2

−

−
=

x

xx
y ;    (12.) 

( )2

3
21 x

xarcsin
y

−

= ; 

(13.) 
tcos

y
3

2
= ;    (14.) xarctan  exy e = ; 

(15.) cos 2y x = − ;   ¸ (16.) 
1

1
2 +

−
=

x

x

e

e
y . 

Task 3. Prove that the function 2

2x

xey
−

=  satisfies the equation ( )yxyx 21−= . 

Task 4. Prove that the function 
xlnxx

xln
y

−

+
=

1
 satisfies the equation 012 222 =−− yxyx . 

Task 5. Find the derivatives: 

(1.) ( ) tan10x xf x = ; (2.) ( ) ( )x xxg
2

1+= ; 

(3.) 
xsinxy = ; (4.) 

( )

( ) ( )115

9

31

2

−−

−
=

xx

x
y ; 

(5.) 
1

122

+

−
=

x

x
xy . 
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Answers: 

(1.) ( ) tan

2
10 ln10 tan

cos

x x x
f x x

x

 
 = + 

 
;  

(2.) ( ) ( )
( )

( )







 +
−

+
+=

2

2 1

1

1
12

x

xln

xx
xxg x ;  1,0\ − Rx ; 

(3.) 







+=

x

xsin
xlnxcosxy xsin

; 

(4.) 
( ) ( )

( ) ( )137

28

31

172

−−

+−−
=

xx

xxx
y ;  3,1\Rx ; 

(5.) 
( )
( )( ) 1

12

1212

478 2

+

−


−+

−+
=

x

x

xx

xxx
y ; 









− 1
2

1
,\Rx . 

Task 6. Find the derivative ( )xfy =  of the implicitly given function: 

(1.) yxe y += ; (2.) C
y

x
y =+ln ; (3.) ( )2 21

arctan ln
2

y
x y

x
= + ; 

(4.) 2 2 arctan
y

x y C
x

+ =  ; 
(5.) 

2 2arctan
y

xe x y= + . 

Answers: 

(1.) 
1

1

−+
=

yx
y ; (2.) 

yx

y
y

−
= ; (3.) 

yx

yx
y

−

+
= ; 

(4.) 
22

22

yxyCx

yxxCy
y

+−

++
= ; (5.) ( )

( ) yxyxyxex

yxyxeyx
y

x

y

x

y

22222

22223

1

1

−+++

++++
= . 

Task 7. Calculate the derivation y   of the given function at the stated points: 

(1.) ( ) ( )yxyx −=+ 27
3  at ( )2,1T ; (2.) 1+= xy eye  at ( )0,1T ; 

(3.) 
x

y
lnxy +=2  at ( )1,1T . 

 

 
Answers: 

(1.) ( )

( )

( )
( ) 0

273

327
1,22

2

1,2 =
++

+−
=

yx

yx
y ;            (2.) ( ) ( )

2

1
1,0

1

1,0 ==
+

y

x

ye

e
y ; 
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(3.) ( )

( )
( ) ( ) 0

12

1
1,121,1 =

−

−
=

yx

xy
y . 

Task 8. Find ( ); , ,y x a b c R   if: 

(1.) 

( )

( )







+


=

+
=

.
tcosb

tcosc
ty

,
tcosb

tsina
tx

1

1  (2.) 

( )

( )









+
=

+
=

.
1

3

,
1

3

3

2

3

t

at
ty

t

at
tx

 

(3.) 
( )

( )












=

=

,
tcos

tsin
ty

,
tcos

tcos
tx

2

2
3

3

  

 

Answers: 

(1.) ( )
( )tcosba

tsinc
xy

+
−= ;             (2.) ( )

( )
3

3

21

2

t

tt
xy

−

−
= ; 

(3.) ( ) tan 3y x t =− . 

 

Task 9. Find y  (x) 

(1°) 
( )

( ) 2

arctan ,

1
.

2

x t t

y t t

 =



=


 (2°) 
( )

( )







−
=

=

.
t

ty

,tlntx

1

1  

(3°) 
( )

( )



−=

=

.tty

,tarcsintx
21

 (4°) 
( ) ( )
( )





+=

++=

.tty

,ttlntx
2

2

1

1
 

 

Answers: 

(1.) ( ) ( )( )22 311 ttxy ++= ;                    (2.) ( )
( )

( )31

1

t

tt
xy

−

+
=

  
; 

(3.) ( ) 21 txy −−= ;   (4.) ( ) 21 txy += . 
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Task 10. Find the equation of the slope line tangent to the graph of the function 

342 +−= xxy  at the left zero-point. 

Answer: 

Zero-points are 11 =x  and 32 =x ; left ( )0,10T ; 022  : =−+ xyt . 

 

Task 11. Find the equation of the slope line tangent and the slope line normal to the 

graph of the functions:  

(1.) ( ) ( )xcoslnxf =  at the point 20 =x . 

(2.) ( )
4

8
2 +

=
x

xf  at the point ( )( )2,2 fT . 

Answers: 

(1.) 20 =x ; 00 =y ; ( ) 00 = xf ; 

0  =y:t ;  02 =−x:n ; 

(2.) 20 =x ; 10 =y ; ( )
2

1
2 −== fk t

; 042 =−+ yx:t ;  

032 =−− yx:n . 

 

Task 12. From the point ( )1,4T  find the slope line tangent to the graph of the function 

1
( )

x
f x

x

−
= . 

Answer:  










2

1
,2D ; 044 =−y:t . 

Task 13. At which point of the parabola 122 ++= xxy  the tangent line makes identical 

angles on both sides of the coordinate axis? 

Answer: 

 







−

4

1
 

2

1
1 ,T ; 








−

4

1
 

2

3
2 ,T . 

 

Task 14. Find the equation of the slope line tangent and the slope line normal to the 

graph of the functions on the parametrically given curve: 
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(1.) 

( )

( )







+=

+
=

;
2

1

2

3

,
1

2

3

tt
ty

t

t
tx

  (2.) 

( )

( )







−
=

+
=

;
1

,
2

2

t

t
ty

t

t
tx

  

(3.) 
( )

( )



=

=

;aty

,tsintx
t

  

Answers: 

(1.) 
: 7 10 6 0,

 
: 10 7 34 0;

t x y

n x y

− + =

+ − =
  (2.) 

: 4 6 0,

: 4 7 0;

t x y

n x y

+ − =

− + =
 

(3.)

: ln 1 0,

     1
: 1 0.

ln

t y x a

n y x
a

− − =

+ − =
 

 

Task 15. Find the angle at which the parabolas intersect: 

(1.) 
2

4
2x

y −=  and 
2

2x
y = ; (2.) 2xy =  and xy =2 . 

Answer: 

(1.)  = 12652’;   (2.) 1 = 3650’   and   2 = 90. 

 
Task 16. Find the equation of the slope line tangent and the slope line normal on the 

curves that are given by an implicit equation: 

(1.) 0123 5 =+−− xyx , at the point ( )2,1T ; 

(2.) 07298 22 =−− yx , at the point ( )8,9 −−T ; 

(3.) 022 =−
−−

xy

eyex , at the point with the abscissa 00 =x . 

Answers: 

 
(1.) : 13 11 0,

      
: 13 27 0;

t x y

n x y

− − =

+ − =
; 

(2.) : 1 0,
     

: 1 0;

t x y

n x y

− + =

+ − =
; 

 

at the point ( )2,20T ; for 20 =t ; 

at the point for which 00 =t . 
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(3.)  ( ) 1,2,00 −=− ekT t  ;  

( ) 21 −−= xey:t ; ( ) ( ) 0121 =−++− exye:n . 

Task 17.  Finding limits algebraically - calculus: 

(1.)  ( )
1

lim 1 tan
2x

x
x



→
−        (2.)   
















+−

→ x
xx

x

1
1lnlim 2     (3.) 

2

2arctan
lim

1
x

x

x

e



→

−

−

 

(4.)  ( ) xx
x

ln1lnlim −+
→

     (5.)   lim
𝑥→0

𝑥
3

4+𝑙𝑛𝑥         (6.)  lim
𝑥→0

1−𝑐𝑜𝑠𝑥

𝑥
        

 (7.)  lim
𝑥→0

𝑠𝑖𝑛𝜋𝑥

𝑙𝑛𝑥
         (8.)    lim

𝑥→0

𝑒
1
𝑥−1
1

𝑥

         (9.)  lim
𝑥→0

𝑠𝑖𝑛𝑥−𝑥

𝑥2
          

 

Answers: 

(1.)   
2

 𝜋
                       (2.) 

1

2
                     (3.)   1            (4.) 0         (5.)  𝑒3 

 

(6.) 0                          (7.) – 𝜋                 (8.) 1               (9.) 0          

 

Task 18.  Consider the function 𝑓(𝑥) = 𝑥3 −
3

2
𝑥2 − 18𝑥. The points x = 3 and x =-2 satisfy 

f′(c)=0. Use the second derivative test to determine whether f has a local maximum or local 

minimum at those points. 

Answer:   

f has a local maximum at  −2  and a local minimum at  3 . 

 
For tasks 19 - 23 determine: 

a) Find the domain; 

b) Find the x-intercept/zero and the y-intercept; 

c) Find the asymptotes; 

d) Find the derivative and the relative extrema; 

e) Find the inflection points; 

f) Sketch the curve. 

 

Task 19.   
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2

2
( )

9

x
f x

x
= −

−
 

Answer: 

a) 𝐷𝑓 = ℝ ∖ {3,−3}; 

b) x = 0,  y = f(0) = 0; 

c) Vertical asymptotes: x = -3, x = 3; 

Horizontal asymptotes: y = 1; no slant asymptote; 

d) 𝑓′(𝑥) =
−18𝑥

(9−𝑥2)2
, the relative maximum is 0 at x = 0; 

e)  𝑓′′(𝑥) = −
54𝑥2+162

(9−𝑥2)3
, no inflection points; 

f)  

 
 

Task 20.   

( )
2

4 12
( )

2

x
f x

x

−
=

−
 

Answer: 

a) 𝐷𝑓 = ℝ ∖ {2}; 

b) x = 3,  y = f(0) = -3; 

c) Vertical asymptotes: x = 2; 

Horizontal asymptotes: y = 0; no slant asymptote; 

d) 𝑓′(𝑥) =
−4(𝑥−4)

(𝑥−2)3
, the relative maximum is 1 at x = 4; 

e) 𝑓′′(𝑥) =
8𝑥−40

(𝑥−2)4
, the inflection points is (5,

8

9
); 
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f)  

Task 21.  

2

2

4 3
( )

2

x x
f x

x x

− +
=

−
 

Answer: 

a) 𝐷𝑓 = ℝ ∖ {0, 2}; 

b) x1 = 1, x2 = 3; no y -intercept; 

c) Vertical asymptotes: x = 0, x = 2, 

Horizontal asymptotes: y = 1; no slant asymptote; 

d) 𝑓′(𝑥) =
2𝑥2−6𝑥+6

(𝑥2−2𝑥)2
, no relative extrema; 

e) 𝑓′′(𝑥) =
−4𝑥5+26𝑥4−72𝑥3+96𝑥2−48𝑥

(𝑥2−2𝑥)4
; 

f) 
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Task 22.   

𝑓(𝑥) =
ln (2𝑥)

𝑥2
 

Answer: 

a) 𝐷𝑓 = 〈0,∞〉; 

b) x1 = 0.5; no y -intercept; 

c) Vertical asymptot is x = 0; 

d) 𝑓′(𝑥) =
1−2 ln(2)−2𝑙𝑛(𝑥)

𝑥3
, the relative maximum is 

2

𝑒
 at 𝑥 =  

√𝑒

2
; 

e) 𝑓′′(𝑥) =
6 ln(2)+6𝑙𝑛(𝑥)−5

𝑥4
, the inflection points is (

√𝑒5
6

2
,
10 √𝑒

3

3𝑒2
) ; 

f) 

 

 

Task 23.   

𝑓(𝑥) =
𝑥

1 + 𝑥2
𝑒𝑥 

Answer: 

a) 𝐷𝑓 = ℝ , 

b) x1 = 0,  y = f(0) = 0;  
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c) no asymptotes; 

d) 𝑓′(𝑥) =
𝑒𝑥−𝑥2𝑒𝑥+𝑥𝑒𝑥+𝑥3𝑒𝑥

(1+𝑥)2
, no relative extrema; 

f)   

 

 

 

  


