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6  CALCULUS 
 

 

 

DETAILED DESCRIPTION: 

Most first-year students find it hard to understand and acquire mathematical notions of differential 
calculus. This is often due to insufficient prior knowledge or because these notions are really difficult 
and require mathematical and logical maturity. Given the difficulties, this unit explains the matter 
gradually, starting with the targeted theoretical notions, which is followed by exercises and solved 
problems, with the aim of teaching the students how to solve tasks independently and how to apply the 
acquired knowledge in solving problem tasks in the area of maritime affairs. 

Basic notions associated with the derivation of function are explained, along with the rules and 
techniques of derivatives. A particular attention is paid to the application of derivation in the problems 
of the tangent, the normal, the differential and the establishing the function limits. The application of 
derivations in the flow examination and function graph drawing are explained and followed by the 
application of derivations in maritime affairs. 

 

AIM: Acquire knowledge and skills in those areas of differential calculus which are necessary to follow 
the curricula of other courses of the study programme, and are expected to be implemented in maritime 
practice.  
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1. Define the notions of derivative, function limit and differential. 
2. Apply simple and complex derivation rules when solving tasks. 
3. Perform the derivation of the complex, parametrically or implicitly given function. 
4. Explain the concept of the real variable of real functions and the geometric interpretation of 

the derivative at a point. 
5. Apply the derivative in finding the local and global extremes of the function of a given 

variable, and the points of the function inflection. 
6. Analyse the flow of an elementary function by using derivation, and sketch its graph. 

 
Prior Knowledge: sets and functions, sequences and series, limits and continuity of the 
function  

Relationship to real maritime problems: mechanics (problem of speed), meteorology (weather 
forecast – extreme sea states), electronics (graphic layouts), navigation (establishing the 
distance, navigability of the fairway)…  
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6.1. Derivative 

The derivative is one of the essential notions in mathematics. It is necessary for making the so-
called differential calculus. The notion was first introduced by the English mathematician, 
physicist and astronomer Isaac Newton (1642-1727). He described it before 1669, when 
solving the problem of motion of a body that is moving unevenly along the line, at any 
moment of its movement. The same discovery was attributed to Gottfried W. Leibniz (1646-
1716), German mathematician and philosopher, who independently developed his 
foundations, while solving the problem of establishing the coefficient of the direction of the 
curve tangent.  

Knowing that vessels move across water areas, we can only assume the actual importance of 
the application of derivatives in maritime affairs.  

The notion of derivation becomes clear with the help of examples. 

If RIf →:  (or ( )xfy = ) is the given function on the interval RI ⊆  and if Ix ∈0  is a point 

of the interval (see the figure).  

 

If 0xx ≠ , Ix∈ , we observe two values of the function: ( )xf  i ( )0xf . The expression 

0xxx −=∆  is called the growth (or differentiation) of the argument x, while 

( ) ( ) ( )00 xfxfxf −=∆  is called the change (or growth) of the function at the point  x0.  

Let us now define the difference quotient: 

 ( ) ( ) ( )
0

0

xx
xfxf

xg
−
−

= ,     0xx ≠ . (1) 

The function ( )xg  gives information on the rate of change of the function f from x0 to x, that 

is, ( )xg  measures the average change of the function from x0 to x. The smaller the growth ∆x 

is, the more accurate is the information on the function change of rate that ( )xg  gives at the 
point x0.  
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Definition 1: It is said that the function RIf →:  is differentiable (synonym: derivable) at the 

point baIx ,0 =∈  if there is a boundary value:  

 
( ) ( ) ( ) Rxf

xx
xfxf

xx
∈′=

−
−

→ 0
0

0

0

lim . (2) 

The number ( )0xf ′  is called the derivative f at the point x0.  It is said that f is differentiable at I 

if it is differentiable at any point .Ix∈  

If RIf →:  is differentiable at I, then ( )xfx ′→  defines a new function RIf →′ : , the so-
called derivative  f  at I. 

From the philosophical standpoint, derivation is the ratio of yield to investment. In 
programming, derivation is the ratio of output to input. In physical world, derivation is the ratio 
of arbitrarily small travel through arbitrarily little time, i.e. speed. 

In geometry, this can be explained by the following figure: 

 

 

In the graph fG  of the function RIf →:  there are points ( )( )000 , xfxT  i ( )( )xfxT ,  to which 

is assigned the line s , called the secant graph of the function fG  on the interval [x0, x]. The 

secant coefficient is achieved through formula: 

 
( ) ( )

sk
xx

xfxf
=

−
−

0

0  (3) 

If the point T  “moves” across the graph fG  toward the point 0T , then the secant  s turns 

around the point 0T . If, in this process, there is a limit line  t  with a position towards which the 

secant  s  streams, regardless of whether the point  T  streams toward 0T , right or left of the  

0T , then  t  is the tangent of the graph fG  at the point 0T . If the function f  has a derivation at 

the point Ix ∈0 , then, according to the relation (3), it appears that 
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 ( ) ( ) ( )
tsxxxx

kk
xx

xfxf
xf ==

−
−

=′
→→ 00

lim lim 
0

0
0 , (4) 

That is, ( ) tkxf =′ 0 .         (5) 

Therefore, the numerical value ( )0xf ′  of the derivative  f  at the point 0x  represents the 

coefficient of the direction  kt  of the tangent  t, drawn in the graph fG  at the point 

( )( )000 , xfxT . 

Below are the examples of calculating the derivation by definition for some known elementary 
functions. They are followed by a table of their derivations, which can be proved in analogy 
with these examples. 

Example 1  

Let ( ) 7 ; .f x x x R= ∈  Define ( )0xf ′ , where 0x R∈ . 

Solution: 

 ( ) ( ) ( ) ( )
0 0 0 0

0 00
0

0 0 0

55 5 lim lim lim  lim 5 5
x x x x x x x x

f x f x x xx xf x
x x x x x x→ → → →

− −−′ = = = =
− − −

. 

As we can see, ( )0xf ′  does not depend on the point x0, which is obvious as ( ) xxf 5=  is a 

linear function whose average change rate is everywhere the same. 

Example 2  

Let ( ) 2xxf = ; x R∈ . Define ( )0xf ′ , where 0x R∈ . 

Solution: 

( ) ( ) ( ) ( )( ) ( )
0 0 0 0

2 2
0 0 00

0 0 0
0 0 0

 lim  lim  lim lim 2 .
x x x x x x x x

f x f x x x x xx xf x x x x
x x x x x x→ → → →

− − +−′ = = = = + =
− − −

In this way, we have shown that  ( ) xx 22 =
′

¸ x R∈ . 

Example 3   

Let ( ) 3f x x= ; x R∈ . Define ( )0xf ′ , where 0x R∈ . 

Solution: 

( ) ( ) ( ) ( )( )

( )
0 0 0

0

2 23 3
0 0 00 0

0
0 0 0

2 2 2
0 0 0

 lim  lim  lim

lim 3 .

x x x x x x

x x

x x x xx xf x f x x xf x
x x x x x x

x xx x x

→ → →

→

− + +− −′ = = = =
− − −

= + + =
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In this way, we have shown that ( )3 23x x
′
= ¸ x R∈ . 

Example 4  

Let ( )f x x= ; x R∈ . Define ( )0xf ′ , where 0x R∈ . 

Solution: 

( ) ( ) ( )

( )

0 0 0

0 0

0 0 00
0

0 0 0 0

0

0 0 0

 lim  lim  lim   

1lim lim . 
2

x x x x x x

x x x x

x x x x x xf x f x
f x

x x x x x x x x
x x

x x x x x

→ → →

→ →

− − +−
′ = = = ⋅ =

− − − +

−
= =

− +

 

In this way, we have shown that  ( ) 1
2

x
x

′
= ¸ x R∈ . 

6.1 Table and rules of deriving elementary functions 
 

If we continue to solve the examples similar to the ones presented in the previous unit, we 
can prove the validity of the following table of deriving elementary functions, which we can 
“take for granted”: 

1)  0=′C  ( )RC ∈  

2)  1=′x   

3)  ( ) 1−αα ⋅α=
′ xx  R∈α  

4)  ( ) xx ee =
′

  

5)  ( ) lnx xa a a
′
=  0>a  

6)  ( )
x

xln 1
=′  0>x  

7)  ( ) 1log
lna x

x a
′ =  0>x , 0>a  
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8)  ( ) xcosxsin =′   

9)  ( ) xsinxcos −=′   

10)  ( )
xcos

tgx 2

1
=′   

11)  ( )
xsin

ctgx 2

1
−=′   

12)  ( )
21

1
x

xsinArc
−

=′  1<x  

13)  ( ) ⋅
−

−=′
21

1
x

xcosArc  1<x  

14)  ( ) 21
1 
x

xArctg
+

=′   

15)  ( ) 21
1 
x

xArcctg
+

−=′   

16)  ( ) chxshx =′   

17)  ( ) shxchx =′   

18)  ( )
xch

thx 2

1
=′   

19)  ( )
xsh

cthx 2

1
−=′   

20)  ( )
21

1
x

Arshx
+

=′   
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21)  ( )
1

1
2 −

=′
x

Archx  1>x  

22)  ( ) 21
1
x

Arthx
−

=′  1<x  

23)  ( )
1

1
2 −

−=′
x

Arcthx  1>x  

 

Derivation of any other function should be calculated by applying the rules of deriving the 
functions, as follows: 

( ) ( )[ ] ( ) ( )xgxfxgxf ′±′=′±  derivation of the sum and the difference 
of functions 

( ) ( )[ ] ( ) ( ) ( ) ( )xgxfxgxfxgxf ′⋅+⋅′=′⋅  derivation of the product of functions 

( )
( )

( ) ( ) ( ) ( )
( )xg

xgxfxgxf
xg
xf

2

′⋅−⋅′
=

′









 

derivation of the function quotient
( )( )0≠xg  

( )[ ]{ } ( )[ ] ( )xfxfgxfg ′⋅′=′  derivation of the functions’ composition 

 

Example 1 

Define the derivative ( ) 2346 23 −+−= xxxxf . 

Solution:  

( )xf ′  = ( ) ( ) ( ) 23462346 2323 ′−′⋅+
′

⋅−
′

⋅=
′

−+− xxxxxx = 

= 38180132436 22 +−=−⋅+⋅−⋅ xxxx . 

Example 2 

Define ( )xh′  if ( ) xexh x sin⋅= . 

Solution: 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

' '' sin sin

sin cos sin cos .

x x

x x x

h x f x g x f x g x e x e x

e x e x e x x

′ ′= ⋅ + ⋅ = ⋅ + ⋅ =

= ⋅ + ⋅ = +
 

Example 3 
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Let ( )
23
13

2

2

+−
++

=
xx
xxxh . Define ( )xh′ . 

Solution: 

( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( )( )
( )

( )( ) ( )( )
( ) ( )

' '2 2 2 2
'

22 2

2 2 2

2 22 2

3 1 3 2 3 1 3 2

3 2

2 3 3 2 3 1 2 3 6 2 9 .
3 2 3 2

x x x x x x x xf x g x f x g x
h x

g x x x

x x x x x x x x

x x x x

+ + − + − + + − +′ ′⋅ − ⋅
= = =

− +

+ − + − + + − − + +
= =

− + − +

 

 

Example 4 

Define the derivatives: 

(1.)  ( ) 123 2 +−= xxexh ; (2.)  ( ) ( )32 32 xxxh −= ; 

(3.)  ( ) ( )43sin 3 −= xxh ; 
 

 

Solution: 

(1.)  ( ) ( ) ( ) ( )2 2 2' 3 2 1 3 2 1 2 3 2 13 2 1 6 2x x x x x xh x e e x x e x− + − + − +
′ ′

= = ⋅ − + = ⋅ − . 

(2.)  ( ) ( )( ) ( ) ( ) ( ) ( )3 2 2' 2 2 2 22 3 3 2 3 2 3 3 2 3 4 3h x x x x x x x x x x
′ ′

= − = − − = − ⋅ − . 

(3.)  

( ) ( )( ) ( ) ( ) ( ) ( ) ( )3 3 3 3 2 2 3sin 3 4 cos 3 4 3 4 cos 3 4 9 9 cos 3 4h x x x x x x x x
′ ′

′ = − = − ⋅ − = − ⋅ = −  
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Exercises 

 

Exercices 6.1 

Find the derivative: 

(1.) ( ) 6 53 xxf ⋅= ; (2.) ( )
3 2

2 32
x

xxg −
= . 

Solution: 

(1.) ( ) 6 53 xxf ⋅= =3 6
5

x . 

( )xf ′ =
6

6
1

6
11

6
5

2
5

2

5
2
5

6
53

xx
xx

⋅
===⋅

−−
. 

(2.) ( )
3
2

2

3 2

2 3232

x

x
x

xxg −
=

−
= = 3

2
3
4

32
−

− xx . 

( )xg ′ =
3
5

3
1

3
5

3
1 2

3
8

3
23

3
42

x
xxx +=






−−⋅

−
= 

3 5

2

3
68

x
x
⋅

+
. 

Exercices 6.2 

Find the derivative: 

(1.) ( ) ( )1111 ++−−+= xx elnelny ; (2.) ( )3 21 cos 3cos 5
15

y x x= − . 

 

Solution: 

(1.) y′ =
x

x

xx

x

x e
e

ee
e

e +

⋅
⋅

++
−

+

⋅
⋅

−+ 12
1

11
1

12
1

11
1

= 

  = ( )
( )( ) xxx

x

xx

xx

x

x

eee
e

ee
ee

e
e

+
=

−+
⋅

+
=

++−+

−+−++
⋅

+ 1
1

11
2

121111
1111

12
. 

 

(2.)  y′ = ( ) ( ) ( )[ ]xsinxcosxcosxcosxsinxcos −⋅⋅+−⋅−⋅ 6533
15
1 322  = 

  = ( ) ( )55
5

253
15

3 2
2

22
2

−
⋅

−=+−
⋅

− xcosxsinxcosxcosxcosxsinxcos
= 

  = ( ) xsinxcosxcosxsinxcos 3222 1
5
5

⋅=−⋅ . 
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Exercices 6.3 

Define the derivative: 

(1.) ( )
xcosxsin
xcosxsinxf

−
+

= ; (2.) ( ) xe
xxf

5

= ; 

(3.) ( )
α
ααα

2
32 2 +−

=f ; 
(4.) ( ) ( ) tcosttsinttf 22 2 −−⋅= . 

 

Solution: 

(1.) ( )xf ′ =
( ) ( ) ( )( )

( )2xcosxsin
xcosxsinxcosxsinxcosxsinxcosxsin

−

′−+−−′+
= 

=
( )( ) ( )( )

( )2xcosxsin
xsinxcosxcosxsinxcosxsinxsinxcos

−
++−−−

= 

=
( )

( )2

2222

xcosxsin
xsinxcosxsinxcosxcosxsinxcosxsinxcosxsinxsinxcos

−
+++−+−−

= 

=
( ) ( )22

21212
xcosxsinxcosxsin

xsinxcosxsinxcos
−

−=
−

−−−
. 

 

(2.) ( )xf ′ =
( ) ( )

( )
( )

xxx

xx

x

xx

e
xx

e
xx

e
exex

e
exex −

=
−

=
−

=
′

⋅−⋅
′ 555 454

2

54

2

55

. 

 

(3.) ( )αf ′ =
( ) ( )( )

( )
( ) ( )

2

2

2

22

4
232214

2
232232

α
⋅+α−α−α⋅−α

=
α

′α+α−α−α⋅
′

+α−α
= 

= 2

2

2

2

2

22

2
32

4
64

4
62428

α
α

α
α

α
αααα −

=
−

=
−+−−

. 

 

(4.) ( )tf ′ = ( ) ( ) ( ) ( )( )′−−
′

−−′+′ tcosttcosttsinttsint 2222 22 = 

= ( )( ) tsinttsintsinttsintsinttcosttcosttsin 222 222222 =−+=−−−−+ . 

 

Exercices 6.4 

Find the derivative: 
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(1.) xsiny 3= ; (2.) ( )tgxlny = ; 

(3.) xcosy 5= ; (4.) ( )13 += xsinlny ; 

(5.) 21 xarcsiny −= ; (6.) ( )xtglny 35= ; 

(7.) 
x

siny
−

=
1

12 ; (8.) 
21

2
x
xarcsiny

+
= . 

 

Solution: 

(1.) y′ = ( ) ( ) xcosxsinxsinxsinxsin ⋅=′⋅=
′ 223 33 ; 

(2.) y′ = ( )[ ] ( )
xsinxcosxsinxcosxsin

xcostgx
tgx

tgxln
2

2111
2 ==⋅=′⋅=′ ; 

(3.) y′ = [ ] ( ) ( ) xsinlnxsinlnxcosln xcosxcosxcosxcos ⋅⋅−=−⋅⋅=′⋅⋅=′ 555555 5 ; 

(4.) y′ = ( ) ( )[ ] ( ) ( )( ) ( )1311
1

1 1
1

1 3233
3

3
3 +=

′
++⋅

+
=′+⋅

+
xctgxxxcos

xsin
xsin

xsin
; 

(5.) y′ =

( )
( )

( )
( )

2

2

2

2

2
2 12

11
11
11

11

1
x

x
x

x
x −

′
−⋅

⋅
−−

=
′

−⋅
−−

= 

=
222 112

21
xx

x
x

x
x −⋅

−=
−

−
⋅   (x≠ 0). 

(6.) y′ = ( ) ( )[ ] ( ) ( )′⋅⋅=′⋅ xtg
xtg

xtglnxtglnxtgln 3
3
135 335 44 = 

= ( ) ( ) ( ) ( )
xsin
xtgln

xcosxsin
xtglnx

xcosxtg
xtgln

6
330

33
13153

3
1

3
135

4
4

2
4 =

⋅
⋅=′⋅⋅⋅ . 

(7.) y′ =

′










−
⋅

−
⋅

−
=

′










−
⋅

− xx
cos

x
sin

x
sin

x
sin

1
1

1
1

1
12

1
1

1
12 = 

=

( )

( ) ( )32
12

1
1
2

1
12

11

1
2

xx
sin

x
x

x

x
sin

−
⋅

−
=

−

−

′−⋅
−
⋅

−
. 

(8.) y′ =

( )

( )
( )22

2

22

222

2

1
2212

1
41

1
1

2

1
21

1
x

xxx

x
xx

x

x
x +

⋅−+
⋅

+
−

=
′







+

⋅








+

−

= 
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=
( )

( )
( )

( )
( ) ( )

( )
( )22

2

222

2

22

22

22

222 11
12

11

12
1

422

1
41

1
xx

x

xx

x
x

xx

x
xx +⋅−

−
=

+⋅−

−
=

+

−+
⋅

+

−+
, 

i.e. y′ =













>
+

−

<
+

,x
x

x
x

  1 za
1

2

  1 za
1

2

2

2

 (for |x| = 1 derivation does not exist). 

 

Exercices 6.5 

Find the derivative ( ) ( )2

2

22

2

2
1

2
1

1
x

x

xx

eln
e

earcsinexf −

−

−−

−+
−

⋅
= . 

Solution: 

 

( )xf ′ =

( ) ( )

−
−

−












−

−
⋅+−⋅

−

−

−

−
−−−

2

2

2

2
222

2

2

2

1

1
1

22

x

x

x

x
xxx

e

e
e

xeeearcsinxe

 

( )
( )

2

2

2

2

2
22

2

2

2

2

2

1
4

2
1

1
12

4

x

x

x

x

x
xx

e
xe

e
e

xeearcsine

−

−

−

−

−
−−

−

−⋅
⋅−

−
−

−−
⋅⋅

− , 

 

 ( )xf ′ = +
−

−−⋅⋅−
−

−−−−

2

2222

2

22

1
212

x

xxxx

e
xeeearcsinxe

 

( )
2

2222

2

22
1

23

1
212

x

xxxx

e
xeeearcsinxe

−

−−−−−

−

+−⋅−
+ = 

 

= 










−
+−

−

⋅−
−

−
−

−

−−

2

2
2

2

22

2

2
2

2 1
1

1
2

x

x
x

x

xx

e

ee
e

earcsinxe
=

2

22

2

22

2

22

2 1

1
1

2
x

xx

x

xx

e

ee
e

earcsinxe
−

−−

−

−−

−

+−
⋅

−

⋅−
, 

That is, 
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( )xf ′ =

( )232 2

22

1

2

x

xx

e

earcsinxe

−

−−

−

⋅
− . 

 

 

Exercices 6.6 

Prove that the function 
xlnx

y
++

=
1

1  meets the equation ( )1−=′ xlnyyyx . 

Solution: 

As  
( )

( )
( )22 1

1
1

11

xlnxx
x

xlnx
xy

++
+−

=
++







 +−

=′ , this results in  yx ′⋅ =
( )

( )21
1

xlnx
x
++
+−

. 

The right side of the given equation is 

 ( )1−xlnyy = 





 −

++++
1

11
1

xlnx
xln

xlnx
=

( )
( )

( )22 1
1

1
1

xlnx
x

xlnx
xlnxxln

++
+−

=
++

−−−
. 

 

As the equivalences on the right side are the same, this means that the function y meets the 
given equation. 

 
 

6.2 Logarithmic derivative 
 

The function having the form ( )[ ] ( ) ( ) 0    >= xf,xfy xg  has to be turned into a logarithm before 
derivation, i.e. 

 

 ( ) ( )xflnxgyln ⋅= .    We can now derivate it: 
 

 ( ) ( ) ( ) ( ) ( )[ ] ′⋅+⋅′=′  xflnxgxflnxgyln   that is: 

 ( ) ( ) ( ) ( ) ( )xf
xf

xgxflnxgy
y

′⋅⋅+⋅′=′⋅
11

  so we get: 
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( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )
( )

ln

ln
g x

g x f x
y y g x f x

f x

g x f x
f x g x f x

f x

 ′⋅
′ ′= ⋅ ⋅ + = 

 
 ′⋅
′= ⋅ ⋅ +    

 

 

 

Note: The same formula is achieved by using the identity ( )[ ] ( ) ( ) ( )xflnxgxg exf ⋅= , ( ) 0>xf . 
Namely, through the process of derivation, we get:  

 ( )[ ] ( ){ } ( ) ( ) ( ) ( )[ ] ′⋅⋅=′=′ ⋅     xflnxgexfy xlnxgxg , so we have:  

 ( )[ ] ( ){ } ( )[ ] ( ) ( ) ( ) ( ) ( )
( ) 







 ′⋅
+⋅′⋅=′=′

xf
xfxgxflnxgxfxfy xgxg    .   

Example 1  

Define the derivative: 

(1.) ( ) ( ) xsinxcosxf = ; (2.) ( )
312

x

f x
x

 = + 
 

. 

 

Solution:  

(1.) From ( ) ( ) xsinxcosxf =  by using logarithm, we get:   
 

( ) ( )xcoslnxsinxfln ⋅= , so that: 

( ) ( )xf
xf

′⋅
1

= ( ) ( ) ( )′⋅⋅+⋅′ xcos
xcos

xsinxcoslnxsin 1 ,  that is:  

( )xf ′ = ( ) ( )[ ]xsintgxxcoslnxcosxcos xsin ⋅−⋅  . 

 

(2.) Iz ( ) ( )
31 12            ln 3 ln 2

x

f x f x x
x x

   = + ⇒ = +   
   

;  

 

( ) ( ) 2

1 1 1 13ln 2 3 12
f x x

f x x x
x

   ′⋅ = + + ⋅ ⋅ −   
   +
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( )
31 1 32 3ln 2

2 1

x

f x
x x x

    ′ = + + −    +    
. 

 

Note: The use of logarithms can considerably facilitate the derivation of some rational 
functions, which can be observed in the following examples. 

 

Example 2  

Find the derivative: 

(1.) ( ) 3
2

2

1+
⋅=

x
xxxf ; (2.) ( )

( ) ( )33 2 32

1

+⋅+

−
=

xx

xxg . 

 
Solution: 

(1.) Through the logarithm ( ) 3
2

2

1+
⋅=

x
xxxf  we achieve: 

 

( )xfln = ( )1
3
1

3
2 2 +−+ xlnxlnxln .  So that now: 

( ) ( )xf
xf

′⋅
1

= ( )13
21

3
21

2 +
⋅

−+
x

x
xx

, that is: 

( )xf ′ = ( ) ( )13
53

113
2

3
21

1 2

2
3

2

2

2
3

2

2

+
+

⋅
+

=







+

−+
+

⋅
x
x

x
x

x
x

xxx
xx . 

 

(2.) Through the logarithm ( )
( ) ( )33 2 32

1

+⋅+

−
=

xx

xxg  we achieve: 

 

( )xgln = ( ) ( ) ( )3
2
32

3
21

2
1

+−+−− xlnxlnxln , so that: 

( ) ( ) ( ) ( ) ( )
1 1 2 3

2 1 3 2 2 3
g x

g x x x x
′⋅ = − −

− + +
 

( )
( ) ( ) ( ) ( ) ( )2 33

1 1 2 3
2 1 3 2 2 32 3

xg x
x x xx x

 −′ = ⋅ − − − + + + +
. 
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6.3 Derivation of the implicitly given function 
 

Let  F  be the function of two independent variables  x and  y. Then, if the limits exist, 

( ) ( )
x

y,xFy,xxF
x
F

x ∆
−∆+

=
∂
∂

→∆ 0
lim  is called the partial derivative F by x (here, y is considered a 

constant). Analogously,  

( ) ( )
y

y,xFyy,xF
y
F

y ∆
−∆+

=
∂
∂

→∆ 0
lim  is called the partial derivative F by y (here, x is considered a 

constant).  
 

The rules for partial derivations (for all ,α β ∈R  and functions F and G for which the indicated 
derivations exist): 

( )
x
G

x
FGF

x ∂
∂

+
∂
∂

=+
∂
∂ βαβα ; ( )

y
G

y
FGF

y ∂
∂

+
∂
∂

=+
∂
∂ βαβα ; 

( )
x
GFG

x
FGF

x ∂
∂

+
∂
∂

=⋅
∂
∂ ; ( )

y
GFG

y
FGF

y ∂
∂

+
∂
∂

=⋅
∂
∂

; 

( )0     2 ≠∂
∂

−
∂
∂

=







∂
∂ G

G
x
GFG

x
F

G
F

x
; ( )0      2 ≠

∂
∂

−
∂
∂

=







∂
∂ G

G
y
GFG

y
F

G
F

y
. 

 

There is an interval RI ⊆  having the point 0x  and there is a unique function RIf →:  , as 

here: 

(1.) ( ) 00 yxf = ; 

(2.) ( )( ) 0, =xfxF   Ix∈∀ ; 

(3.)  f  has a derivative f ′  at every point Ix∈ . In addition, it is valid that: 

 ( )
( )

( )00

00

0

,

,

yx
y
F

yx
x
F

xf

∂
∂
∂
∂

−=′ . 
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Note: If the function ( )xfy =  is given in an implicit form, i.e. through the equation 

( ) 0, =yxF  and if f  is a derivable at the point  x, then its derivation at that point can also be 
found in the following way: 

1. deriving both sides of the equation ( ) 0, =yxF  (by variable x) taking into consideration 
that  y  is the function of  x  and that  y’  is derivation of  y  by  x  (because  y  is a function 
of  x),  

2. the obtained equation  ( ) 0, =yxF
dx
d  is solved by y′ . 

 

Example 1  

Define the values of partial derivations at the point  ( )2,1T −  of the given functions: 

(1.) ( ) 3 2 2 2, 7 4F x y x x y y= − + ; (2.) ( ) 22ln, yxyxF += ; 

 
 

Solution: 

(1.) For ( ) 2223 23, yyxxyxF −+=  it follows that 
 

x
F
∂
∂ = 2 221 8x xy−  (y is considered a constant), 

y
F
∂
∂

= 28 2x y y− +  (x is considered a constant). 

By inserting: 

( )2,1 21 4 8 ( 2) 1 100F
x

∂
− = ⋅ − ⋅ − ⋅ =

∂
=      and       ( )2,1 8 4 1 2 1 30F

y
∂

− = − ⋅ ⋅ + ⋅ = −
∂

=. 

(2.) If ( ) 22ln, yxyxF += , then 
 

x
F
∂
∂ = ( )2 22 2 2 2

1 1 2 2         2,1
52

x x F
x y xx y x y

⋅ ∂
⋅ = ⇒ − = −

+ ∂+ +
. 

y
F
∂
∂

= ( )2 22 2 2 2

1 1 2 1          2,1
52

y y F
x y yx y x y

⋅ ∂
⋅ = ⇒ − =

+ ∂+ +
. 

 

Example 2  
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Find the derivative ( )xfy =  that is given implicitly 0738 =+− yx . 

 

Solution: 

Therefore, ( ) 738, +−= yxyxF , so that: 

8=
∂
∂

x
F ,  and  3−=

∂
∂

y
F

, 

( )
3
8

3
8
=

−
−

=

∂
∂
∂
∂

−=′=′

y
F
x
F

xfy . 

Example 3  

Find the derivation of the implicitly given function Cexln x
y

=+
−

 in two ways. 

 

Solution: 

I. From ( ) CexyxF x
y

−+=
−

ln,  the result is:    

 
x
F
∂
∂ = 2

1
x
ye

x
x
y

⋅+
−

;      and     





−⋅=

∂
∂ −

x
e

y
F x

y 1
, so that: 

( ) =′ xy ( )xf ′ =
x
ye

xe

yex

e
x

x
eyx

y
F
x
F

x
y

x
y

x
y

x
y

x
y

+=
+

=
⋅−

⋅+

−=

∂
∂
∂
∂

−
−

−

−

−

1

2
. 

II. Given:  

Cex x
y

=+
−

ln , 
dx
d

 

01
=






−⋅+

−

x
y

dx
de

x
x
y

, 

01
2 =
+⋅′−

⋅+
−

x
yxye

x
x
y

, 2x⋅  

( ) 0=′−+
−

xyyex x
y

, 
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x
y

x
y

exyyex
−−

⋅′=+ , 

x
yey x

y

+=′ . 

Example 4  

Find the derivative ( ) 22,
yx

xyyxF
+

=  at the point ( )1, 2T − . 

Solution: 

x
F
∂
∂ =

( ) ( ) ( )
( )

( )
( )222

22

222

2222

2
yx

xxyyxy
yx

yx
x

xyyx
x

yx

+

⋅−+
=

+

+
∂
∂

−⋅
∂
∂

+
= 

=
( )

( )
( ) ( )( )

( )[ ] 25
6

21

12221           2
22

22

222

22

=
+−

−−
=−

∂
∂

⇒
+

− ,
x
F

yx
xyy

. 

 

y
F
∂
∂

= ( )
( )

( )
( )

( )
25
321        2

222

22

222

22

=−
∂
∂

⇒
+

−
=

+

⋅−+ ,
y
F

yx
yxx

yx
yxyyxx . 

( )
6
25 23
25

F
xy f x F
y

∂
∂′ ′= = − = − = −
∂
∂

. 

 

Exercices 6.7 

Find the derivations of the implicit functions: 

(1.) 0223 =++ yyxx ; 

(2.) 
yx
yxy

+
−

=3 ; 

(3.) 
y
xarctgxy =  

Solution: 

(1.) From ( ) 223, yyxxyxF ++=  it follows that 
x
F
∂
∂ = xyx 23 2 + ; yx

y
F 22 +=
∂
∂

, so 

that: 
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 ( ) ( )xfxy ′=′ =
yx
xyx

y
F
x
F

2
23

2

2

+
+

−=

∂
∂
∂
∂

− . 

(2.) From ( )
yx
yxyyxF

+
−

−= 3,   it follows that  

x
F
∂
∂ =

( ) ( )
( ) ( )22

2
yx
y

yx
yxyx

+
−=

+
−++−

 and 

y
F
∂
∂

=
( ) ( )

( ) ( )
( )
( )2

22

2
2

2
2 23233

yx
xyxy

yx
xy

yx
yxyxy

+
++

=
+

+=
+

−−+−
− , so that 

( ) =′ xy ( )xf ′ = ( )
( )
( )

( ) xyxy
y

yx
xyxy

yx
y

y
F
x
F

23
2

23

2

22

2

22

2

++
=

+
++

+
−

−=

∂
∂
∂
∂

− . 

(3.) From ( )
y
xarctgxyyxF −=,   it follows that  

x
F
∂
∂ = 22

23

22

2

2

1

1

1
xy

yyxy
xy

yy
y

y
x

y
+

−+
=

+
−=⋅

+
−  and 

y
F
∂
∂

= 22

32

222

2

2

1

1
xy

xxxy
xy

xx
y

x

y
x

x
+

++
=

+
+=

−
⋅

+
− , so that 

( ) =′ xy ( )xf ′ = 22

22

32

23

1
1

yx
yx

x
y

xxxy
yyxy

y
F
x
F

++
−−

⋅=
++
−+

−=

∂
∂
∂
∂

− . 
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6.4 Derivation of the parametrically given function 
 

The trail of a material point T moving across the plane is the curve, for example: line, parabola, 
ellipse, hyperbola, cosine wave, etc. Each point T can be observed as a vessel sailing along a 
path (curve). When describing such a movement, it is necessary to know the point coordinates 
as the function of time, at each moment t. If we mark ( )tx ϕ=  and ( )ty ψ=  as the coordinates 
of the point T where ϕ  and ψ  are the real functions determined at the interval  I  during which 
the movement occurs, it is clear that ϕ  and ψ  are derivable functions, because the speed is 

given by ( ) ( )[ ] ( )[ ]22 tttv ψϕ ′+′= . Hence, when time  t  describes the interval RI ⊆ , then the 

point T ( ) ( )( )tt ψϕ ,  passes at least once through each point of the set, that is  
( ) ( )( ){ }ItttK ∈= :,ψϕ . 

Parametric equations of the curve (t is called the parameter) are expressed as:  

    
( )
( )




∈ψ=
ϕ=

It,ty
tx

   
 

 

 

If  ϕ   is strictly monotonous by  I  (we know that there is an inverse function  ( )xt 1−= ϕ ), then, 

by replacing the variable t by ( )x1−ϕ   we get  y =ψ (t) = ψ [ϕ-1(x)] = f (x). 

According to the composition derivation, it follows that: 

 ( ) ( ) ( )[ ] ( )[ ] ( ) ( )0
00

1
0

1
00

1
t

txxxfxy
ϕ

ψϕϕψ
′

⋅′=′⋅′=′=′ −−  , that is ( ) ( )
( )0

0
0 t

txf
ϕ
ψ
′
′

=′ . 

We can use a simpler way: 

 ( ) ( ) ( )
( )tx
ty

dt
dx
dt
dy

dx
dyxfxy

′
′

===′=′ .  
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It is easily proven that:   

( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )
( )

3

3 .

t t t t
f x

t

x t y t x t y t
y x f x

x t

ϕ ψ ϕ ψ

ϕ

′ ′′ ′′ ′⋅ − ⋅
′′ = ⇒

′  
′ ′′ ′′ ′⋅ − ⋅

′′ ′′= =
′  

 

 

Example 1  

Find the derivative f at the point x0 = 3, which is a parametrically given by formulas:  

 3

2 1x t
y t
= −

 =
 

 

Solution: 

First we determine  0t  with the corresponding value 30 =x . From 
2

112 +
=⇒−=

xttx , so 

that 30 =x ; 0t = 2
2

13
=

+ . 

Now, let us find ( )tϕ′  and ( )tψ ′ : 

( )tϕ′ = ( ) 2=′ tx  and  ( ) ( ) 23ttyt =′=′ψ . 

By using the formula, it follows that  ( )0xf ′ =
( )
( )0

0

t
t

ϕ
ψ
′
′

, that is: ( ) 6
2

3
3

2

2
0

0

==′
=t

t
f . Therefore, 

( )
3
8

3
8
=

−
−

=

∂
∂
∂
∂

−=′=′

y
F
x
F

xfy . 

Example 2  

Find ( )xf ′  and ( )xf ′′  for the function ( )xfy = , which is a parametrically given by formulas: 

  




=
=

.tsiney
,tcosex

t

t

 

 

Solution: 
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( )xy′ =
( )
( ) tsintcos

tcostsin
tsinetcose
tcosetsine

tx
ty

tt

tt

−
+

=
−
+

=
′
′

. 

( )xy ′′ = ( ) ( ) ( ) ( )
( ) 3

x t y t x t y t

x t

′ ′′ ′′ ′⋅ − ⋅
=

′  
 

= ( )( )
( )

−
−

−++−
3tsinetcose

tsinetcosetcosetsinetsinetcose
tt

tttttt

 

( )( )
( )3tsinetcose

tcosetsinetcosetsinetsinetcose
tt

tttttt

−

+−−−
− = 

 

= ( ) ( )
( ) ( )33

22
tsintcose

tcostsinetsinetcosetsintcose
t

tttt

−

+⋅+− = 

=
[ ]

( ) ( )332

222 22
tsintcosetsintcosee

tcostsintsintcostsintcose
ttt

t

−
=

−⋅
++−

. 

Exercices 6.8 

Find ( )xy′  if  
( )

( ) ( )









+=







 −+=

.tcostsinaty

,tsintcosttglnatx
2  

Solution: 

( )xy′ =
( )
( )

( )







 −−

−
=



















−−⋅⋅

−
=

′
′

tcostsin
tsin

tsintcos

tcostsin
tcosttg

a

tsintcosa
tx
ty

1

2
1

2

1

2

1
2

= 

 

=
( ) ( ) ( )

( ) tgt
tsintcostcos
tsintcostsin

tcostsintcos
tsintcostsin

tcostsintsin
tsintcostsin

=
−
−

==
−

−
=

−−
−

221
. 

 

Exercices 6.9 

Find the coefficient of the tangent direction in the graph of a function that is parametrically 
given: 
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( )
( )





=

=

t
tty

tttx
ln

,ln

    at the point 10 =t . 

Solution: 

As ( )ty′ = 22

ln1ln1

t
t

t

tt
t −

=
−⋅

 , and   ( ) 1ln +=′ ttx , 

It follows that ( )xy′ =
( )
( ) ( )1ln

ln1
2 +
−

=
′
′

tt
t

tx
ty

, so that   

 

 ( ) ( ) 1
11ln1

1ln1
210

=
+

−
=′= =tt xyk . 

Exercices 6.10 

Find ( )xy′  for the parametrically given function: 

( )

( )









+
=

+
=

.
t

tarcsinty

,
t

arccostx

2

2

1

1
1

 

Solution: 

Since:  

( )ty′ =
( )

( )
2

2
3

2

222

2

2

2

2

2 1
1

1

11
1

1
1

1
1

1
tt

ttt
t

t
ttt

t
t +

=
+

−++
=

+
+

⋅−+
⋅

+
−

, 

( )tx′ =
( ) ( )2222

2

2

2

2

1   1111
1

1
1

1
11

1
tt

t
tt

t
t

t
t

t
t

t
+⋅

=
++

⋅
−+

+
=

+
+

−
⋅

+
−

− . 

We obtain ( ) ( )
( ) 




<−
>

==

+

+=
′
′

=′
0 za1
0 za1

1
1

1
1

2

2

t
t

t
t

tt
t

t
tx
tyxy . 

Exercices 6.11 
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Find another derivative for ( )xy ′′ : 

(1.) 
( ) ( )
( ) ( )




+=
−=

,tsinttcosaty
,tcosttsinatx
 (2.) ( )

( )



=
=

.tsinaty
,tcosatx

3

3

 

 

Solution: 

(1.) ( )tx′ = ( )[ ] tsinattsinttcostcosa =−−− , 

( )ty′ = [ ] tcosattcosttsintsina =++− . 

So that  ( )xy′ =
( )
( ) ctgt

tsinat
tcosat

tx
ty

==
′
′

. It follows that: 

( )xy ′′ =
( )[ ]
( ) tsinattsinat

tsin
tx

xy
dt
d

3

2 1
1

−=
−

=
′

′
. 

(2.) ( )tx′ = ( )tsintcosa −23 , 

( )ty′ = ( )tcostsina 23 . 

So that  ( ) ( )
( ) tgt

tcos
tsin

tx
tyxy −=−=
′
′

=′ . It follows that  

( )xy ′′ =
( )[ ]
( ) tsintcosatsintcosa

tcos
tx

xy
dt
d

42

2

3
1

3

1

=
−

−
=

′

′
. 

Exercices 6.12 

Prove that the function ( )xfy = , given parametrically 

( )
( )




+=
+=

32

2

2
32

ttty
tttx

 satisfies the equation  ( ) ( ) 02 23 =−′+′ yyy , 





 =′

dx
dyy . 

 

Solution: 

y′ = ( )
( ) t

t
tt

tx
ty

dx
dy

=
+
+

=
′
′

=
62
62 2

. 

If y′  is inserted into the equation ( ) ( ) 02 23 =−′+′ yyy , we obtain 

( ) 022 3223 ≡+−+ tttt  
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6.5 The tangent and the normal in the graph of a function 
 

Let a curve be defined by the formula ( )xfy =  , where  f  is a derivable function. The curve 

secant ( )xfy =  passing through the points ( )( )0 0,x f x  i ( )( ),x f x , where 0x x≠ , is the line 

with coefficient   
( ) ( )0

0

f x f x
tg

x x
ϕ

−
=

−
. 

When 0x x→ , then the secant line tends to the curve tangent ( )xfy =  at the point 

( )( )0 0,x f x , whose coefficient of direction is equal to 0tgϕ . Obviously, it is valid that: 

( )0 0 0x x tg tg f xϕ ϕ ′→ ⇒ → = . Therefore: 

the equation of the tangent in the graph of function ( )xfy =  at the point ( )000 , yxT , where 

( )00 xfy = , a ( ) Rkxf ∈=′ 0 , is: 

  ( ) ( )( )000 xxxfxfy −′=− ;   

while the equation of the normal (perpendicular on the tangent) at that point is: 

  ( ) ( ) ( )0
0

0
1 xx
xf

xfy −
′

−=− . 

 

 

 

The angle ϕ  at which the graphs of the functions ( )xfy 11 =  and ( )xfy 22 =  intersect at the 

point ( )000 , yxT  is the angle between their tangents at that point, and is calculated according 

to the formula: 
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  ( ) ( ) ( )
( ) ( )0201

0102

22

12
12 11 xfxf

xfxf
tgtg
tgtgtgtg

′⋅′+
′−′

=
ϕϕ+
ϕ−ϕ

=ϕ−ϕ=ϕ .  

This is the angle that we need to rotate the tangent 1t  of the function 1f  in the positive direction 

(counter-clockwise) around their mutual point, so that it could be aligned with the tangent  2t  

of the function 2f  (see the figure). 

G

G

f

f

2

2

2
1

1

1

T0

t t

j j

j

 

 

Example 1  

Find the equation of the tangent and the normal in the graph of function ( ) 233 +−= xxxf  at 

a point whose abscissa is  20 =x . 

 

Solution: 

If we insert 20 =x  into the formula by which the function is given, we get the ordinate of the 

point  T0, that is ( ) ( ) 4200 === fxfy . Now we look for the equation of the tangent and the 

normal at the point  ( )420 ,T . We can find the derivative at the point 20 =x : 

( ) 33 2 −=′ xxf    ⇒  ( ) 92 =′f . 

Equation of the tangent:    4−y = ( )29 −x   or  

0149 =−− yx . 

Equation of the normal:    4−y = ( )2
9
1

−− x   or  

0389 =−+ yx . 
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Example 2  

Find the equation of the tangent in the graph of function ( ) 132 +−= xxxf  which passes 

through the point ( )2,20 −T . Find the coordinates of the contact. 

 

Solution: 

If the contact ( )11 , yxD  of the tangent in the graph of function f, its coordinates are 

( )13 1
2

11 +− xx,x . Furthermore, ( ) 32 −=′ xxf  and 32 1 −= xkt . On the other hand,  

tk = 32
2

213
1

1

1
2

1

01

01 −=
−

++−
=

−
− x

x
xx

xx
yy

, that is 

( )( ) ( )
( )



=
=

⇒=+−⇒−−=+−
.1
,3

03423233
21

11
1

2
1111

2
1 x

x
xxxxxx  

For ( ) ( ) ( )⇒⇒==⇒= 1 3133 1111 ,Dfyx 3
1
=tk . 

For ( ) ( ) ( )⇒−⇒−==⇒= 1 1111 2121 ,Dfyx 1
2

−=tk . 

Hence, there are two tangents: 

( ) 083331:1 =+−⇒−=− xyxyt   and 

( ) xyxyt −=⇒−−=+ 111:2 . 

 

Example 3  

Find the angle at which the functions 
2

4
2xy −=  and xy −= 4  intersect. 

 

Solution: 

 

The angle ϕ  at which the graphs of functions 1f  and 2f  intersect at the intersection point

( )111 , yxM  is calculated through the well-known formula 

  
( ) ( )
( ) ( )1211

1112

1 xfxf

xfxftg ′′+

′−′
=ϕ . 
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The intersection points of the given functions are obtained by solving the system of equations: 





==
==

⇒












−=

−=
,y,x
,y,x

xy

xy
22
40

4
2

4
22

11

2

 

that is, ( )4 01 ,M ; ( )2 22 ,M . (see the figure) 

 

We obtain the angle at the point ( )4 01 ,M  by inserting the point into ( ) xxf −=′
1  and 

( ) 12 −=′ xf ; so that ( ) 001 =′f  and ( ) 102 −=′f . Therefore,  
( ) ( )
( ) ( ) 1

1

001

00

21

12
1 −=′⋅′+

′−′
=

ff

fftgϕ

°=⇒−= 1351 1ϕ . 

Analogously, we obtain the angle at the point ( )2 2, 2M . Let 1t  be the equation of the line, and 

2t  equation of the tangent at the point 2M  through the function 
2

4
2xy −= , that is 

( ) 11 −=′ xf   and ( ) xxf −=′
2 : so that ( ) 121 −=′f  and ( ) 222 −=′f . Therefore,  

( ) ( )
( ) ( ) ( )( ) 3

1
211

12

221

22

21

12
1 −=

−−+
+−

=′⋅′+

′−′
=α

ff

fftg   ⇒  . =α1 161°33’54’’ 

 

Exercices 6.13 

Find the equations of the tangent and the normal in the functions with given points: 

(1.)  ( ) 52 2 +−= xxxf  at the point 





− 6 

2
1

0 ,T ; 

(2.)  ( ) 342 23 −−+= xxxxf  at the point ( )5 20 ,T − ; 
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(3.)  ( ) 3 1−= xxf  at the point with the abscissa 10 =x . 
 

Solution: 

(1.) ( ) 52 2 +−= xxxf  ; 





− 6 

2
1

0 ,T . Find the derivative at the point 
2
1

0 −=x : 

( )xf ′ = ⇒−14x 3
2
1

−=





−′f . 

The equation of the tangent through the point ( )( )000 , xfxT  has a typical form: 

( )0xfy − = ( )( )00 xxxf −′ , so that, for the given function, the equation of the tangent 

is: 

6−y = 





 +−

2
13 x      or    0962 =−+ xy . 

The equation of the normal through the point ( )( )000 , xfxT  has the form: 

( ) ( ) ( )0
0

0
1 xx
xf

xfy −
′

−=− , so that 







 +=−

2
1

3
16 xy    or  03726 =−− xy . 

 

(2.) ( ) 342 23 −−+= xxxxf ;    ( )5 20 ,T − . 
 

( )xf ′ = ⇒−+ 443 2 xx ( ) 02 =−′f . 

The equation of the tangent is 05 =−y , while the equation of the normal is 02 =+x . 

 

Note: if ( ) 00 =′ xf  then the equation of the tangent ( )0xfy = (this is a line parallel to the x-

axis passing through the point ( )( )000 , xfxT , and the equation of the normal is 0xx = .  

 

(3.) ( ) 3 1−= xxf  at the point with the abscissa 10 =x . 
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Since ( ) 000 == xfy , we should find the equation of the tangent and the normal passing 

through the point ( )0 1, 0T . The derivative ( ) 3 1−= xxf  at the point 10 =x  is 

( )
( )

⇒
−⋅

=′
3 213

1

x
xf ( ) ( )10 fxf ′=′  does not exist, that is 

( ) ( )
( )

∞=





 −⋅

=′=′
→→ 3 211 13

1lim lim 1
x

xff
xx

. 

The equation of the tangent is 01 =−x  and the normal 0=y . 

Note: if ( ) ∞→′ 0xf  when 1→x , then the equation of the normal is ( ) 00 =− xfy  and the 

tangent is 00 =− xx .  

 

Exercices 6.14 

Define the intersection of the tangents on the curve 2

2

3
31
x
xy

+
+

=  at the points for which 1=y . 

Solution: 

The conditions of the task imply that 





−=
=

⇒=⇒=
+
+

1
1

11
3

31
2

12
2

2

x
x

x
x
x , that is ( )1 11 ,T −  and ( )1 12 ,T . 

Let us find the values of the derivative at the points 1T  and 2T . From ( )
( )223

16
x
xxy

+
=′  it follows 

that 

( ) 111 −=−′= yk  ; ( ) 112 =′= yk , so that 

( ) xyxyt −=⇒+−=− 111:1 , and 

( ) xyxyt =⇒−=− 111:2 . 

Therefore, the intersection of the tangents on the given curve is ( )0,0S . 

 

Exercices 6.15 

Find the equation of the normal in the graph of function ( ) xxxf ln=  which is parallel to the 
line 0332 =+− yx . 
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Solution: 

In order to achieve that the normal in the graph of the given function in 0x  is parallel to the 

line  p, it must be valid that  ( )0

1
xf

kp ′
−= , where pk  is the coefficient of the line  p  direction. 

From the given derivative, it follows that  

( ) 1ln1ln1 +=⋅+⋅=′ x
x

xxxf , and 

( ) 1ln 00 +=′ xxf .  

From  
3
21

3
2

=⇒+= pkxy : so that 

2
5

000
0 2

5ln32ln2
3
2

1ln
1 −

=⇒−=⇒−=+⇒=
+

− exxx
x

. 

Since ( ) 2
5

2
5

2
5

2
5

00 2
5ln

−−−−
−=⋅=








== eeeefxfy , the graph of the given function has a 

normal parallel to the line  0332 =+− yx  at the point 













−

−

2
5

2
5

0

2

5 
e

,eT , hence the equation of 

the required normal is: 









−=+

−
2
5

2
5 3

2

2

5 ex
e

y  or 
2
5

6

19
3
2

e
xy −= . 

Exercices 6.16 

In the graph of the function ( ) 522 +−= xxxf  find the point at which the tangent is vertical 
to the line xy = . 

Solution: 

In order to achieve that the tangent in the graph of the given function in 0x  is vertical to the 

line   p, it must be valid that  ( )
pk

xf 1
0 −=′ , where pk  is the coefficient of the line  p  direction. 

From the derivative of the given function ( ) 22 −=′ xxf  it follows that  ( ) 22 00 −=′ xxf . 

From xy =  it follows that 1=pk , therefore  
2
1122 00 =⇒−=− xx . 
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Since ( )
4

175
2
12

2
1

2
1 2

00 =+⋅−





=






== fxfy , the graph of the given function has the 

tangent vertical to the line  xy =   at the point  







4
17 

2
1

0 ,T . 

Exercices 6.17 

Find the angle at which the graph of the function ( ) 





 +=

x
arctgxf 11  intersects the x-axis. 

Solution: 

The angle at which the graph of function f intersects the x-axis is the angle the tangent at that 
point makes with the positive direction of the x-axis. The desired angle ϕ  is obtained as a 

solution to the trigonometric equation ( ) ϕtgkxf t ==′ 0 , where 0x  is the zero of the function 

f. 

0x  is obtained by solving the equation 

1011011 0 −=⇒=+⇒=





 + x

xx
arctg . 

We know that  

( )
( )2222 1
11

111

1
++

−=





−⋅







 ++

=′
xxx

x

xf , so that 

( ) ( ) 110 −=−′=′ fxf . 

It follows that  
4

31 π
=ϕ⇒−=ϕtg . 

Exercices 6.18 

Find the equations of the tangent and the normal at the point ( )1 1,T  on the graph of the 

function that is implicitly given by the equation 0155 =−−+ xyyx . 

Solution: 

If we denote ( ) 1, 55 −−+= xyyxyxF , then ( ) 01 1 =,F  and 

( ) ( ) 045 1,1
4

1,1 ≠=−=
∂
∂ xy

y
F

, so that 
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( ) ( ) 11
5
5

4

4

−=′⇒
−
−

−=

∂
∂
∂
∂

−=′ f
xy
yx

y
F
x
F

xf . 

Therefore, the equation of the tangent is:  ( )111 −−=− xy     or   02 =−+ xy . 

The equation of the normal:  ( )1
1

11 −
−

−=− xy    or   0=− xy . 

Exercices 6.19 

At which point of the parabola 322 −−= xxy  the tangent makes identical angles on the both 
sides of the coordinate axis? 

Solution: 

Assume there is a general function ( )xfy = , then, as required by the task,  tg tgα β= . 

Since the value of the angle that the tangent makes with the axis x is equal to ( )xy′ , and the 

value of the angle that the same tangent makes with the axis y is equal to ( )yx′ , then  

( ) ( )yxxy ′=′ . 

From  ⇒−−=         322 xxy    ( ) 22 −=′ xxy . 

In order to find ( )yx′ , we mark  ( ) 32, 2 −−−= yxxyxF . Since 

22 −=
∂
∂ x

x
F   and  1−=

∂
∂

y
F

, it follows that 

 ( )
22

1
22

1
−

=
−
−

−=

∂
∂
∂
∂

−=′
xx

x
F
y
F

yx . 

By insertion, we get 

( ) 122
22

122 2 =−⇒
−

=− x
x

x , so that 

2
1122 1 =⇒±=− xx  and 

2
3

2 =x . 

Since: 

( )
4

15
2
1

1 −=





= yxy       and    ( )

4
15

2
3

2 −=





= yxy , 

these are the required points: 
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 −

4
15,

2
1

1T  and 





 −

4
15,

2
3

2T . 

Exercices 6.20 

Find the equation of the tangent and the normal on the parametrically given curve:  

( ) ( )
( )





π
=+=

+=

    .
4

u          

1

0t,ctgttgtty

,tcoslntx
       

 

Solution: 

For the parameter value 
40
π

=t  it follows that 

( ) 1
2
2ln1

4
cosln

400 +=+=





==

ππxtxx , and 

( ) 211
44400 =+=+=






==

πππ ctgtgytyy . 

We need to define the equation of the tangent and the normal at the point 







+ 2 1

2
2

0 ,lnT . 

Since: 

( )xy′ =
( )
( ) 0

11

4

22

0

0

0

=
−

−
=

′
′

π
=ttcos

tsin
tsintcos

tx
ty

, that is, 0=tk ,  

the tangent is parallel to the x-axis, while the normal is parallel to the y-axis Y at the point 0T , 

so that  

202     : =⇒=− yyt , and 

1
2
201

2
2    : +=⇒=−− lnxlnxn . 

 

Exercices 6.21 

Find the equation of the tangent and the normal at the point (0, 0) on the parametrically given 
curve: 
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( )
( )





=

=

,
t
tlnty

,tlnttx
   

Solution: 

( )
( ) 10  0

00
0

0

0
00

0000

=⇒






=⇒==

=⇒==
t

t
tln

tyy

tlnttxx
 (parameter 01 =t  is not from the domain of 

the given functions and is not taken into consideration). 

( ) ( ) 1
1

1

1
21

0

0
=

+
−

=′=
=

=
t

tt tlnt
tlnxyk . 

Now it is easy to obtain that the equation of the required tangent is  xy = , while the equation 
of the normal is  xy −= .  
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6.6 Application of derivations in determining the limit of functions 
 

A typical requirement in determining the limit value or the limit of a function is set, when  
x c R→ ∈   or when  x →±∞  , when the function is given in the form of a product or a quotient 
of two functions f and g. However, the result is often a product that is not defined, and to which 
already known theorems on the limit values of functions cannot be applied. The extension of 
the rules was given by G.F.A. de L`Hospital, therefore it is often said that when determining the 

limits of functions of indeterminate forms of type: 
0
0 , 

∞
∞ , ∞⋅0 , ∞−∞ , 00 , 1∞ , 0∞ so called 

the L'Hospital's Rule is applied.   

Note: The indeterminate forms of type 
0
0  and 

∞
∞  are solved by L'Hospital's rule, and other 

indeterminate forms are reduced to one of these two forms using appropriate transformations.  

 

Theorem (L'Hospital's Rule): 

If  f and g are derivable functions around the point Rc∈  where ( ) ( ) 0lim lim ==
→→

xgxf
cxcx

. If 

( )
( ) RL
xg
xf

cx
∈=

′
′

→
lim , then 

( )
( )xg
xf

cx→
lim  and also 

( )
( )

( )
( )xg
xf

xg
xf

cxcx ′
′

=
→→

lim lim . 

In particular, if f ′and g ′are continuous functions at point c and ( ) 0≠′ cg , then 
( )
( )cg
cfL

′
′

= . 

Note:  

i) L'Hospital's rule can be applied when x →±∞ , for the indeterminate form 
∞
∞   and for limits 

and left-hand and right-hand derivatives. 

ii) L'Hospital's rule can be applied several times in succession if one of the indeterminate 

forms is  
0
0  or 

∞
∞  . 
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Example 1  

Find limits: 

(1.) 
7

0

10lim
3

x

x

e
x→

+
;    (2.) 2

lnlim
x

x
x→∞

. 

Solution: 

(1.) 
( )
( )

77 7

0 0 0

1010 0 7 7lim  lim  lim
3 0 3 33

xx x

x x x

ee e
x x→ → →

′
++  = = = =  ′ 

;  

(2.) ( )
( )

'

'2 22

1
lnln 1 1lim lim lim lim 0

2 2x x x x

xx x
x x xx→∞ →∞ →∞ →∞

∞   = = = = = =   ∞ ∞   
. 

 

Example 2  

Find limits: 

(1.) 30
lim

x
xsinx

x

−
→

;   (2.) 
x

xln
x

2

lim
∞→

. 

Solution: 

(1.) ( )

( )
( )

( )
3 20 0 0 03 2

sin 1 cossin 0 1 cos 0lim  lim  lim  lim  =
0 3 0 3

x x x x

x x xx x x
x xx x

→ → → →

′ ′− −− −   = = = = =   ′ ′   
 

( )
( )0 0 0

sinsin 0 cos 1lim  lim  lim
6 0 6 66x x x

xx x
x x→ → →

′
 = = = = =  ′ 

; 

(2.) 
( )
( )

22
12 lnlnln lnlim  lim  lim 2lim

1x x x x

xxx xx
x xx→∞ →∞ →∞ →∞

′ ⋅∞ ∞   = = = = = =   ′∞ ∞   
 

( )
( )

1
ln 02 lim 2lim 0

1 1x x

x x
x→∞ →∞

′
= = = =′ . 

 
• For the indeterminate form ∞⋅0  the following transformation is used 

lim
𝑥𝑥→𝑐𝑐

�𝑓𝑓(𝑥𝑥)  ⋅ 𝑔𝑔(𝑥𝑥)� = lim
𝑥𝑥→𝑐𝑐

𝑓𝑓(𝑥𝑥)
1

𝑔𝑔(𝑥𝑥)
 𝑜𝑜𝑜𝑜 lim

𝑥𝑥→𝑐𝑐
�𝑓𝑓(𝑥𝑥)  ⋅ 𝑔𝑔(𝑥𝑥)� = lim

𝑥𝑥→𝑐𝑐

𝑔𝑔(𝑥𝑥)
1

𝑓𝑓(𝑥𝑥)
 

And is reduced to the form 
0
0

 or 
∞
∞

. 
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Example 3  

Find limits: 

(1.) 
0

lim ln
x

x x
+→

;   (2.). ( )( )
0

lim ln 1 sin
x

x ctgx
→

− ⋅  

 

Solution: 

(1.) ( ) ( ) ( ) ( )
'

'0 0 0 0 0
2

1
lnlnlim ln 0  lim  lim lim lim 01 11x x x x x

xx xx x x

x xx

+ + + + +→ → → → →

−∞ = ⋅ −∞ = = = = − =    +∞    − 
 

; 

(2.) ( )( ) [ ] ( ) ( )( )'

'0 0 0

ln 1 sinln 1 sin 0lim ln 1 sin 0  lim lim1 0 1x x x

xx
x ctgx

ctgx ctgx

→ → →

−−  − ⋅ = ⋅∞ = = = =    
 
 

 

( )

( )

'
3

'0 0 0

2

1 cos1 sin cos 11 sin 1 sinlim lim lim 11 1 sin 1
cos

x x x

xx xx x
xtgx

x
→ → →

−
⋅ − − −− −= = = = = −

−
. 

 

• For the indeterminate form  ∞−∞   an appropriate transformation is used in the 
following way 
i) in order to exclude one member, the form is reduced to the indeterminate form 

∞⋅0 , and then to 
0
0  or 

∞
∞ ; 

ii) in order to reduce the form to the common denominator, it is directly reduced 

to 
0
0  or 

∞
∞ . 

 

Example 4 

Find limits: 

(1.) 
1

lim x
x

xe x
→∞

 
− 

 
;   (2.) 

( )2

1 1lim
2 ln 3x x x→−

 
− + + 

. 

Solution: 
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(1.) 

[ ] [ ]
1

1 1

1 1

1 12 lim 0

2

1 0lim lim 1 0  lim 1 0

11
lim  lim lim 111

x

x
x x

x x x

x x

x x
x x x

exe x x e

x

e e
x e e e

xx

→∞

→∞ →∞ →∞

→∞ →∞ →∞

    −  − = ∞ −∞ = − = ∞⋅ = = =         

′
 

−  −
 = = = = = =′
  −
 
 

; 

(2.) lim
𝑥𝑥→−2

� 1
𝑥𝑥+2

− 1
𝑙𝑙𝑙𝑙(𝑥𝑥+3)� = [∞−∞] = �𝑡𝑡he expression is reduced here

to a common denominator �= 

 

 =
( )

( ) ( ) ( )
3
23

1
3

1

lim 
0
0

32
23lim

22

+
+

++

−
+=



=

++
−−+

−→−→

x
xxln

x
xlnx
xxln

xx
= 

 

 = ( ) ( ) ( ) ( ) 2
1

1
3
33

1lim
0
0

233
2lim

22
−=

+
+
+

++
−=



=

++++
+

−
−→−→

x
xxlnxxlnx

x
xx

. 

 

• Indeterminate forms of type ∞1 , 00 , 0∞  are reduced to the indeterminate form ∞⋅0  
using prior logarithmation or using the identity: 

( )[ ] ( ) ( ) ( )xflnxgxg exf = , ( ) 0>xf . 

 

Example 5  

Find limits:  

(1.) ( )
1

2

0
lim x x
x

e x
→

+ ;   (2.) 
00

lim x

x
x

+→
;  (3.) ( )

0

2

lim .ctgx

x

tgx
π −

→

 

 

Solution: 

(1.)  

lim
𝑥𝑥→0

(𝑒𝑒2𝑥𝑥 + 𝑥𝑥)
1
𝑥𝑥 = [1∞] = 𝑒𝑒 lim

𝑥𝑥→0
1
𝑥𝑥 𝑙𝑙𝑙𝑙�𝑒𝑒

2𝑥𝑥+𝑥𝑥� = 𝑒𝑒𝐿𝐿 ,  where 



Innovative Approach in Mathematical Education for Maritime Students 
2019-1-HR01-KA203-061000 

 
 

43 
 

𝐿𝐿 = lim
𝑥𝑥→0

𝑙𝑙𝑙𝑙(𝑒𝑒2𝑥𝑥 + 𝑥𝑥)
𝑥𝑥

= �
0
0�

 = lim
𝑥𝑥→0

1
𝑒𝑒2𝑥𝑥 + 𝑥𝑥

(2𝑒𝑒2𝑥𝑥 + 1) = 3.  Now  lim
𝑥𝑥→0

(𝑒𝑒2𝑥𝑥 + 𝑥𝑥)
1
𝑥𝑥 = 𝑒𝑒𝐿𝐿 = 𝑒𝑒3; 

 

(2.) lim
𝑥𝑥→0+0

𝑥𝑥𝑥𝑥 = [00] = 𝑒𝑒
lim 

𝑥𝑥→0+0
(𝑥𝑥 𝑙𝑙𝑙𝑙𝑥𝑥)

= 𝑒𝑒𝐿𝐿,  where 

𝐿𝐿 = lim
𝑥𝑥→0+0

(𝑥𝑥 𝑙𝑙𝑙𝑙 𝑥𝑥) = [0 ⋅ ∞]  = lim
𝑥𝑥→0+0

𝑙𝑙𝑙𝑙 𝑥𝑥
1
𝑥𝑥

= �
∞
∞
�  = lim

𝑥𝑥→0+0

1
𝑥𝑥

− 1
𝑥𝑥2

= 0.  Now lim
𝑥𝑥→0+0

𝑥𝑥𝑥𝑥 = 𝑒𝑒𝐿𝐿 = 𝑒𝑒0

= 1; 

(3.)  

lim
𝑥𝑥→𝜋𝜋2

−0
(𝑡𝑡𝑔𝑔𝑥𝑥)𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥 = [∞0] = 𝑒𝑒

lim
𝑥𝑥→𝜋𝜋2

−0
𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥⋅𝑙𝑙𝑙𝑙(𝑐𝑐𝑐𝑐𝑥𝑥)

= 𝑒𝑒𝐿𝐿, where 

𝐿𝐿 = lim
𝑥𝑥→𝜋𝜋2

−0
[𝑐𝑐𝑡𝑡𝑔𝑔𝑥𝑥 𝑙𝑙𝑙𝑙(𝑡𝑡𝑔𝑔𝑥𝑥)] = [0 ⋅ ∞]  = lim

𝑥𝑥→𝜋𝜋2
−0

𝑙𝑙𝑙𝑙(𝑡𝑡𝑔𝑔𝑥𝑥)
𝑡𝑡𝑔𝑔𝑥𝑥

= �
∞
∞
� = 

= lim
𝑥𝑥→𝜋𝜋2

−0

1
𝑡𝑡𝑔𝑔𝑥𝑥 ⋅

1
𝑐𝑐𝑜𝑜𝑐𝑐2 𝑥𝑥
1

𝑐𝑐𝑜𝑜𝑐𝑐2 𝑥𝑥

 = lim
𝑥𝑥→𝜋𝜋2

−0
𝑐𝑐 𝑡𝑡𝑔𝑔𝑥𝑥 = 0. Now lim

𝑥𝑥→𝜋𝜋2
−0

(𝑡𝑡𝑔𝑔𝑥𝑥)𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥 = 𝑒𝑒𝐿𝐿 = 𝑒𝑒0 = 1. 

 

Exercices 6.22 

Find limits: 

(1.) 
x

e x

x 2
1lim

5

0

−
→

; (2.) 30
lim

x
xsinx

x

−
→

; 

(3.) 
x

xln
x

2

lim
∞→

; (4.) 3lim
x
e x

x ∞→
; 

(5.) 

1
1

3
1

2lim

−
+

−
π

∞→

x
xln

arctgx

x
; 

(6.) 
0 20

arcsinlim .
2x

x
x x+→ −

 

 

The solution: 

(1.) 
( )
( ) 2

5
2

5lim 
2

1lim 
0
0

2
1lim

5

0

5

0

5

0
==′

′
−

=



=

−
→→→

x

x

x

x

x

x

e

x

e
x

e
; 

(2.) 
( )

( )
( )
( )

 
3

1lim 
0
0

3
1lim lim 

0
0lim

20203030 ′

′−
=



=

−
=′

′−
=



=

−
→→→→ x

xcos
x

xcos

x

xsinx
x

xsinx
xxxx

= 
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 =
( )
( ) 6

1
6

lim 
6

lim 
0
0

6
lim

000
==′

′
=



=

→→→

xcos

x

xsin
x
xsin

xxx
; 

(3.) ( )
( ) 




∞
∞

==
⋅

=′

′
=




∞
∞

=
∞→∞→∞→∞→ x

xlnx
xln

x

xln
x

xln
xxxx
lim2

1

12
lim lim lim

22

= 

 =
( )
( )

0
1
0

1

1

lim2lim2 ===′

′

∞→∞→

x
x

xln
xx

; 

(4.) ( )
( )

( )
( ) 




∞
∞

==′

′
=




∞
∞

==′

′
=




∞
∞

=
∞→∞→∞→∞→∞→ x

e

x

e
x

e

x

e
x
e x

x

x

x

x

x

x

x

x

x 6
lim 

3
lim 

3
lim lim lim

2
2

3
3 = 

 =
( )
( )

∞==′

′

∞→∞→ 6
lim 

6
lim

x

x

x

x

e

x

e
; 

(5.) 

( )

( )
( )

2
2

2

2

1
3 10 2 12lim  lim  lim  lim1 1 20 2 11 1ln ln3 1 3 13 1

x x x x

arctgxarctgx xx
x xx
x xx

ππ

→∞ →∞ →∞ →∞

′
 − −−   − ∞     += = = = = =   ′+ ∞+   +  −
 − −− 

 

 =
( )[ ]
( )[ ]

( )
( ) 2

3
4
6

4

6lim 
4
6lim 

 12

 13lim
2

2

==′

′
=




∞
∞

==′−

′−
∞→∞→∞→ x

x
x
x

x

x
xxx

; 

(6.) ( )0 0 020 0 0

2

1 1 1
arcsin 0 1 2 2 1lim  lim  lim 11 2 202

22 2

x x x

x x x x x
xxx x

x xx x

+ + +→ → →

⋅
  − ⋅ −= = = =  −− −

⋅ −−

 

( )00

2 2lim .
22 1 1x

x
x x+→

−
= =

− −
 

 

Exercices 6.23 

Find limits: 

(1.) ( )
20

ln 11lim
x

x
x x→

+ 
− 

 
;   (2.) ( )lim arcsin

x a

x a ctg x a
a→

− ⋅ −  
. 
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The solution: 

 

(1.) 
( ) ( )

( )2 20 0 0 0

11ln 1 ln 11 0 11lim lim   lim lim
0 2 2 1 2x x x t

x x x xx
x x x x x x→ → → →

−+ − +    +− = = = = =    +  
; 

(2.) ( ) [ ] ( )

arcsin
lim arcsin 0  lim
x a x a

x a
x a actg x a

a tg x a→ →

−
− ⋅ − = ⋅∞ = =  − 

 

( )

( )
2

2

2

2

1 1

1
cos0 1 1 lim lim .10
1cos

x x

ax a
x aa

a ax a
x a a

α α→ →

⋅
− −   −   = = = ⋅ =   − −  −  

 

Exercices 6.24 

Find limits: 

(1.) 
( )

20

ln 11lim
x

x
x x→

+ 
− 

 
;   (2.) ( )lim arcsin

x a

x a ctg x a
a→

− ⋅ −  
. 

The solution: 

 

(1.) 
( ) ( )

( )2 20 0 0 0

11ln 1 ln 11 0 11lim lim   lim lim
0 2 2 1 2x x x t

x x x xx
x x x x x x→ → → →

−+ − +    +− = = = = =    +  
; 

(2.) ( ) [ ] ( )

arcsin
lim arcsin 0  lim
x a x a

x a
x a actg x a

a tg x a→ →

−
− ⋅ − = ⋅∞ = =  − 

 

( )

( )
2

2

2

2

1 1

1
cos0 1 1 lim lim .10
1cos

x x

ax a
x aa

a ax a
x a a

α α→ →

⋅
− −   −   = = = ⋅ =   − −  −  

 

Exercices 6.25 

Find limits: 

(1.) 
2

lim
2cosx

x
ctgx xπ

π
→

 
− 

 
; (2.) 20

1 1lim
sinx x x x→

 − 
 

; 
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(3.) 2
20

1lim
x

ctg x
x→

 − 
 

. 
 

The solution: 

 

(1.) [ ]
2 2

sin 2 sin 0lim  lim
cos 2cos 2cos 0x x

x x x x
x x xπ π

π π
→ →

−   − = ∞ −∞ = =      
= 

 = ( ) 1
2

2
2

22lim
2

−=
−

=
−
+

π
→ xsin

xcosxxsin
x

. 

(2.) [ ]2 20 0

1 1 sin 0lim  lim
sin sin 0x x

x x
x x x x x→ →

−   − = ∞ −∞ = =      
= 

 = 



=

+
−

→ 0
0

2
1lim 20 xcosxxsinx

xcos
x

=
( )xsinxxcosxxcosxxsin

xsin
x −+++→ 20 222
lim = 

 = 



=

−+→ 0
0

42
lim 20 xsinxxcosxxsin

xsin
x

= 

 =
( ) 6

1
2442

lim 20
=

−−−++→ xcosxxsinxxsinxxcosxcos
xcos

x
. 

(3.) [ ]
2 2

2
2 20 0

1 1lim  lim
x x

x ctg xctg x
x x→ →

− − = ∞ −∞ = 
 

= 

 =
( )( )

xsinxsinx
xcosxxsinxcosxxsin

xsinx
xcosxxsin

xx ⋅
+−

=
−

→→ 2022

222

0
lim lim ; 

Since 

 
xcosxxsinx

xsinxxcosxcos
xsinx

xcosxxsin
xx 2020 2
lim 

0
0lim

+
+−

=



=

−
→→

= 

  = ( ) 3
1

2
lim 

0
0

2
lim

00
=

−++
=



=

+ →→ xsinxxcosxcos
xcos

xcosxxsin
xsin

xx
, 

and  

 2lim 
0
0lim

00
=

−+
=



=

+
→→ xcos

xsinxxcosxcos
xsin

xcosxxsin
xx

, 

it is 

 20

sin cos sin coslim
sin sinx

x x x x x x
x x x→

− +   ⋅   
   

= 

 =
3
2lim lim

020
=






 +

⋅





 −

→→ xsin
xcosxxsin

xsinx
xcosxxsin

xx
. 



Innovative Approach in Mathematical Education for Maritime Students 
2019-1-HR01-KA203-061000 

 
 

47 
 

 

 

 

Exercices 6.26 

Find limits: 

(1.) 
1

0

2lim arccos
x

x
x

π→

 
 
 

; 

(2.) 
2

1

0

sinlim
x

x

x
x→

 
 
 

; 

(3.) ;
2

1
lim ;

4

xtg

x

xtg
π

π
⋅

→

⋅ 
 
 

 

(4.) ( )
2

lim sin tgx

x
x

π
→

; 

(5.) 
0

3
4 ln

0
lim x

x
x

+

+

→
; 

(6.) ( )
0

1
ln

0
lim x

x
ctgx

+→
; 

(7.) ( )
1

ln 1

0
lim

xe

x
x −

→
; 

(8.) ( )
1

0
lim 1 sin x
x

x
→

+ . 

The solution: 

 

(1.) lim
𝑥𝑥→0

�2
𝜋𝜋
𝑎𝑎𝑜𝑜𝑐𝑐𝑐𝑐𝑜𝑜𝑐𝑐()

1
𝑥𝑥[1∞] lim

𝑥𝑥→0
1
𝑥𝑥 𝑙𝑙𝑙𝑙�

2
𝜋𝜋𝑎𝑎𝑎𝑎𝑐𝑐𝑐𝑐𝑎𝑎𝑎𝑎 𝑥𝑥�

𝐿𝐿
where� 

 
20 0

2ln arccos
0 2 2L lim  lim
0 2arccos 1x x

x

x x x
ππ

ππ→ →

 
        = = = ⋅ − = −        −   

; 

1
2

0

2lim arccos
x

x
e π

π
−

→

  = 
 

 

(2.) lim
𝑥𝑥→0

�𝑎𝑎𝑠𝑠𝑙𝑙 𝑥𝑥
𝑥𝑥
�
1
𝑥𝑥2 = [1∞] = 𝑒𝑒 lim

𝑥𝑥→0
1
𝑥𝑥2
𝑙𝑙𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝑥𝑥𝑥𝑥 = 𝑒𝑒𝐿𝐿 ,  where 
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2

20 0

sin cos sinln 0 sinL lim  lim
0 2x x

x x x x x
x x x

x x→ →

−
⋅ = = = =  

 

= 



=

−
=

−
⋅

→→→ 0
0

2
lim 

2
lim  lim 30300 x

xsinxcosx
x

xsinxcosx
xsin

x
xxx

= 

 =
( )

6
1

6
lim 

6
lim

020
−=−=

−−+
→→ x

xsin
x

xcosxsinxxcos
xx

; 

2
1

1
6

0

sinlim
x

x

x e
x

−

→

  = 
 

 

(3.) lim
𝑥𝑥→1

�𝑡𝑡𝑔𝑔 𝜋𝜋𝑥𝑥
4
�
𝑐𝑐𝑐𝑐𝜋𝜋𝑥𝑥2 = [1∞] = 𝑒𝑒 lim

𝑥𝑥→1
�𝑐𝑐𝑐𝑐𝜋𝜋𝑥𝑥2 ⋅𝑙𝑙𝑙𝑙�𝑐𝑐𝑐𝑐

𝜋𝜋𝑥𝑥
4 �� = 𝑒𝑒𝐿𝐿,  where 

[ ]
1 1

ln
04lim ln 0   lim

2 4 0
2

x x

xtg
x xL tg tg

xctg

π
π π

π→ →

 
      = ⋅ = ∞ ⋅ = = =           
 

 

=

44
2

2
2

lim 
2
1

2
2

1

4
4

1

4

1

lim
2

1

2

2

1 xcosxsin

xsin

xsin

xcosxtg

xx π
⋅

π

π

⋅





−=

π
⋅

π
−

π
⋅

π
⋅

π

→→
= 

= 1
2

lim 

2

2lim 
1

2

1
−=






 π

−=
π

π

−
→→

xsin
xsin

xsin

xx
; 

2 1

1
lim

4

xtg

x

xtg e
π

π
⋅

−

→

⋅  = 
 

 

(4.) lim
𝑥𝑥→𝜋𝜋

2

(𝑐𝑐𝑠𝑠𝑙𝑙 𝑥𝑥)𝑐𝑐𝑐𝑐𝑥𝑥 = [1∞] = 𝑒𝑒
lim
𝑥𝑥→𝜋𝜋2

[𝑐𝑐𝑐𝑐𝑥𝑥 𝑙𝑙𝑙𝑙(𝑎𝑎𝑠𝑠𝑙𝑙 𝑥𝑥)]
= 𝑒𝑒𝐿𝐿,  where 

( ) [ ] ( )
2 2

ln sin 0L lim ln sin 0  lim
0x x

x
tgx x

ctgxπ π
→ →

 = ⋅ = ∞ ⋅ = = =     
 

= [ ] 0lim 
1

1

lim
222

=⋅−=
−

⋅

π
→

π
→

xsinxcos

xsin

xcos
xsin

xx
; 
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( ) 0

2

lim sin 1tgx

x
x e

π
→

= =  

(5.) lim
𝑥𝑥→0+0

𝑥𝑥
3

4+𝑙𝑙𝑠𝑠𝑥𝑥 = [00] = 𝑒𝑒
lim

𝑥𝑥→0+0
3

4+𝑙𝑙𝑠𝑠𝑥𝑥⋅𝑙𝑙𝑙𝑙 𝑥𝑥 = 𝑒𝑒𝐿𝐿 ,  where 

0 00 0

3
3lnL lim  lim 314 lnx x

x x
x

x
+ +→ →

∞ = = = = + ∞ 
; 

0

3
34 ln

0
lim x

x
x e

+

+

→
=  

(6.) lim
𝑥𝑥→0+0

(𝑐𝑐𝑡𝑡𝑔𝑔𝑥𝑥)
1

𝑙𝑙𝑠𝑠𝑥𝑥 = [∞0] = 𝑒𝑒
lim

𝑥𝑥→0+0
� 1
𝑙𝑙𝑠𝑠𝑥𝑥 𝑙𝑙𝑙𝑙(𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥)�

= 𝑒𝑒𝐿𝐿,  where 

( )
0 0

2

0 0

1 1
ln sinlim  lim 1lnx x

ctgx ctgx xL
x

x
+ +→ →

 ⋅ − ∞   = = = = ∞ 
 

= 1
22

2lim 
0
0

2
2lim lim 

000 000
−=

⋅
−=



=−=−

+++ →→→ xcosxsin
x

xsinxcos
x

xxx
; 

( )
0

1
1ln

0
lim x

x
ctgx e

+

−

→
=  

(7.) lim
𝑥𝑥→0

𝑥𝑥
1

𝑙𝑙𝑠𝑠(𝑒𝑒𝑥𝑥−1) = [00]  = lim
𝑥𝑥→0

𝑒𝑒
1

𝑙𝑙𝑠𝑠(𝑒𝑒𝑥𝑥−1)⋅𝑙𝑙𝑙𝑙𝑥𝑥 = 𝑒𝑒 lim
𝑥𝑥→0

� 1
𝑙𝑙𝑠𝑠(𝑒𝑒𝑥𝑥−1)⋅𝑙𝑙𝑙𝑙𝑥𝑥� = 𝑒𝑒𝐿𝐿 ,  where 

( )0 0

1
lnlim  lim

ln 1
1

xxx x

x

x x
ee

e
→ →

∞ = = ∞−  
−

= 1lim 
0
01lim

00
=

+
=



=

−
→→ xx

x

xx

x

x xee
e

xe
e

; 

( )
1

ln 1 1

0
lim

xe

x
x e e−

→
= =  

(8.) ( ) ( )11 ln 1 sin

0 0
lim 1 sin 1  lim

x
xx

x x
x e

+∞

→ →
 + = =  =

( )

eeee

xcos
xsin

x
xsinln x

x === 















 ⋅
+





 + →

→ 1
1

1
1

lim1lim 0

0 . 

 

 

6.7 Examining the flux and drawing a graph of a continuous real function 
 
Examining the flux of a continuous real function f that is set analytically, i.e. by a formula, 
consists of the following steps: 
 
1. Area of definition (natural domain), parity and periodicity 
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In order to determine the natural domain fD  of a given function f  it is necessary to know the 

basic elementary functions and procedures for solving equations or inequations. 
 
Definition (even, odd, and periodic function): 
The function f  is 
a) even if  

( ) ( )f x f x− =  for all ;fx D∈  

 
b) odd if 

( ) ( )f x f x− = −  for all ;fx D∈  

 
c) periodic if for some 0P ≠  for all fx D∈  is: 

( ) ( ).f x P f x+ =  

 
Definition (fundamental period of a function): 
Suppose that the function f  is periodic and q  denotes the smallest positive number so that  

( ) ( )f x q f x+ =  for all .fx D∈  

Such a number q  is called the fundamental or basic period of the periodic function .f  
 
If the domain 𝐷𝐷𝑓𝑓 is determined, we examine whether the function f  is even, odd, or periodic. 
This is useful to know because it can significantly help in further examination of the flux of a 
function. 
Namely, if the function f  is an even function, then its graph is symmetric with respect to the 
axis y  therefore, it is sufficient to examine the flow of the function f  only on the set

0, ;fD  +∞  

if the function f  is an odd function, then its graph is centrally symmetric with respect to the 
origin, so again it is sufficient to examine the flow of the function f  only on the set 

0, ;fD  +∞  

if the function f  is the periodic function with the fundamental period ,q  then it is sufficient to 

examine the flow of the function  f  only on the set , .
2 2f
q qD  −  

    

 
Important notes: 
1) The function f  can be even or odd only if the set fD  is symmetric with respect to zero.  

2) The function f  cannot be periodic unless it contains one of the trigonometric functions.  
2. Intersections or touch points with coordinate axes 
 
The procedure: for the equation ( ) 0.f x =  

If 0x x=  is the solution of that equation, then ( )0 ,0N x  is a zero-point of the function .f  

If the equation ( ) 0f x =  has no solution, then the function f  has no zero-point. 
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The equation ( ) 0f x =  can have multiple solutions, i.e. the function f  can have multiple zeros 

(there may even be an infinite number of them). 
 
If 0 ,fD∈  and the value of 𝑓𝑓(0) is determined, then the point ( )( )0, 0f  is the touch point or 

intersection of the function f  with an axis .y  
If 0 ,fD∉ then touch point does not exist. 

 
3. Asymptote 
 
Definition (asymptote): 
If 𝑎𝑎 ∈ ℛ the line x a=  is the right vertical asymptote of the function f  if 

( )
0

lim
x a

f x
+→

= ∞   or  ( )
0

lim .
x a

f x
+→

= −∞  

The line x a=  is the left vertical asymptote of the function f  if 

( )
0

lim
x a

f x
−→

= ∞   or  ( )
0

lim .
x a

f x
−→

= −∞  

 
The line y b=  is the right horizontal asymptote of the function f  if 

lim
𝑥𝑥→∞

𝑓𝑓(𝑥𝑥) = 𝑏𝑏 ∈ ℛ. 

The line y c=  is the left horizontal asymptote of the function f  if 
lim
𝑥𝑥→∞

𝑓𝑓(𝑥𝑥) = 𝑐𝑐 ∈ ℛ. 

 

If  lim
𝑥𝑥→∞

𝑓𝑓(𝑥𝑥)
𝑥𝑥

= 𝑘𝑘1 ∈ ℛ\{0} and lim
𝑥𝑥→∞

[𝑓𝑓(𝑥𝑥) − 𝑘𝑘1𝑥𝑥] = 𝑙𝑙1 ∈ ℛ.  Then 

1 1y k x l= +  
is the right oblique asymptote of the function .f  

If  lim
𝑥𝑥→−∞

𝑓𝑓(𝑥𝑥)
𝑥𝑥

= 𝑘𝑘2 ∈ ℛ\{0}  and  li − m
𝑥𝑥→∞

𝑓𝑓(𝑥𝑥)
𝑥𝑥

= 𝑘𝑘2 ∈ ℛ\{0} then 

2 2y k x l= +  
is the left oblique asymptote of the function .f  
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Important notes: 
1) The function f  can have a vertical asymptote x a=  only if a  is a point at the edge of the 
domain fD  where the function is not defined. 

2) The function f  can have more (even infinitely many) vertical asymptotes. 
3) The function f  cannot have a horizontal and an oblique asymptote on the same side of the 

graph. 
Therefore, the function f  cannot have 

the right horizontal and right oblique  
or 

the left horizontal and left oblique asymptote. 
 
However, the function f  can have 

the left horizontal and right oblique 
or 

the right horizontal and left oblique asymptote. 
 

4) The function f  does not have to have an asymptote. 
 
The procedure: Taking into account the previous notes, all meaningful limits should be 
determined, and the equations of the corresponding asymptotes should be written. When 
drawing a graph of the function ,f  asymptotes are usually drawn with dashed lines. 
 
4. Intervals of monotonicity and points of local extrema  
 
Definition (open interval): The interval J  is an open interval (in the set ℜ) if J  is one of the 
intervals in a form of , ,  , ,  ,a a b a−∞ ∞  for any real numbers a  and b  (of course, for the 

interval ,a b  where a b< ). 

 
Definition (monotonic function on open interval, intervals of monotonicity): 
Suppose that the function f  is defined on an open interval .J  
a) The function f  is increasing on J  for each choice of different points 1 2,x x J∈  if 

( ) ( )1 2f x f x≤  where 1 2.x x<  

In that case it is said that f  is monotone on the interval ,J  and the interval J  is called the 
interval of monotonicity of the function .f  
 
b) The function f  is decreasing on J  for each choice of different points 1 2,x x J∈  if 

( ) ( )1 2f x f x≥  where 1 2.x x<  

In that case it is said that f  is monotone on the interval ,J  and the interval J  is called the 
interval of monotonicity of the function .f  
 
 
Theorem (sufficient condition for monotonicity): 
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Suppose that the function f  is the derivative function on an open interval .J  

If ( ) 0f x′ >  for all ,x J∈  then f  is increasing on J  (i.e. it is monotonous on J ).  

If ( ) 0f x′ <  for all ,x J∈  then f  is decreasing on J  (i.e. it is monotonous on J ). 

 
Definition (point of local extremum): 
Let the function f  is defined on an open interval J  and if .c J∈  
a) If 0ε >  then 

( ) ( )f x f c≤  for all , , ,x c c c cε ε∈ − +  

then the function f  has a local extremum (namely a local maximum) at the point ,c  and 

( )( ),M c f c  is the point of the local maximum of the function .f  

 
b) If 0ε >  then 

( ) ( )f x f c≥    for all , , ,x c c c cε ε∈ − +  
then the function f  has a local extremum (namely a local minimum) at the point ,c  and 

( )( ),m c f c  is the point of the local minimum of the function .f  

 
Definition (stationary point and critical point): 
If the function f  is defined on an open interval J  and if .c J∈  

The point ( )( ),c f c  is a stationary point of the function f  if ( ) 0.f c′ =  

The point ( )( ),c f c  is a critical point of the function f  if ( ) 0f c′ =  or ( )f c′  does not exist (in 

a set  ℜ). 
 
Theorem (sufficient condition for the existence of a point of local extremum):  
If the function f  is defined on an open interval J  and if  f  is derivable on J  except eventually 
at the point .c J∈  
If 0ε >  then 

( ) 0f x′ >  for all ,x c cε∈ −  and ( ) 0f x′ <  for all , ,x c c ε∈ +  

then the function f  has a local maximum at the point ,c  i.e. ( )( ),M c f c  is the point of the 

local maximum of the function .f       
If 0ε >  then 

( ) 0f x′ <  for all ,x c cε∈ −  and ( ) 0f x′ >  for all , ,x c c ε∈ +  

then the function f  has a local minimum at the point ,c  i.e. ( )( ),m c f c  is the point of the 
local minimum of the function .f  
 
Definition (function that changes the sign at a point): 
If the function f  is defined on an open interval J  except eventually at the point .c J∈  
It is said that the function f  is a function that changes the sign at a point c  if 0ε >  then 

( ) 0f x <  for all ,x c cε∈ −   and ( ) 0f x >  for all ,x c c ε∈ +  

or 
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( ) 0f x >  for all ,x c cε∈ −   and  ( ) 0f x <  for all , .x c c ε∈ +  

The procedure: 
Firstly, the function 𝑓𝑓′ should be determined, and then the set 

𝑆𝑆1 = �𝑥𝑥 ∈ 𝐷𝐷𝑓𝑓: 𝑓𝑓′(𝑥𝑥) = 0  or  𝑓𝑓′(𝑥𝑥) does not exist�. 
Therefore, the natural domain fD ′  of the function f ′ should be defined, and all possible 

solutions of the equation ( ) 0.f x′ =  

 
The elements of the set 1S  together with the edges of the domain fD  of the function f  

determine the edges of the interval of monotonicity of the function .f  
 
On each interval of monotonicity, on which the function f ′  is a continuous function (which has 
no zeros in that interval), the same procedure is applied: 
1) One point of that interval is chosen and the value of the function f ′ is calculated at that 

point. 
2) If this value is positive (negative), then the function f is increasing (decreasing) on that 

interval. 
If the function f ′  is the function that changes sign at the point 1,c S∈  then ( )( ),c f c  is the 

point of the local extremum of the function .f  
The type of the extremum is determined, a point of the local maximum or local minimum, using 
the appropriate definition (definition of the point of local extremum). 
 
5. Curvature intervals and inflection points 
Definition (curved function on open interval, curvature interval): 
Consider the function f  which is defined on an open interval .J  
a) The function f  is strictly convex on J  and if for all 1 2,x x J∈  then  

( ) ( )1 21 2

2 2
f x f xx xf

++  < 
 

 when 1 2.x x<   

In that case it is said that f  is curved on the interval ,J  and the interval J  is called the interval 
of curvature of the function .f  
 
b) The function f  is strictly concave on J  if for all 1 2,x x J∈  then  

( ) ( )1 21 2

2 2
f x f xx xf

++  > 
 

 when 1 2.x x<   

In that case it is said that f  is curved on the interval ,J  and the interval J  is called the interval 
of curvature of the function .f  
 
The function f  is strictly convex (strictly concave) on an open interval J  if and only if at each 
point of that interval the tangent to the graph of the function f  is belove (above) the graph 
of the function .f  

 
 



Innovative Approach in Mathematical Education for Maritime Students 
2019-1-HR01-KA203-061000 

 
 

55 
 

 
Graph of a strictly convex function on an interval 

 

 
 

 
Graph of a strictly concave function on an interval 

 
 
Theorem (sufficient condition for a curve): 
Suppose that the function f  is double derivative on the open interval .J  

If ( ) 0f x′′ >  for all ,x J∈  then f is strictly convex on J  (i.e. it is curved on the interval J ). 

If ( ) 0f x′′ <  for all ,x J∈  then f  is strictly concave on J  (i.e. it is curved on the interval J ). 

 
Definition (point of inflection): 
Suppose that the function f  is defined on an open interval J  and if .c J∈  
If 0ε >  then f  is strictly convex on the interval ,c cε−  and strictly concave on the interval 

,c c ε+ ,  or vice versa, 
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if f  has an inflection at the point ,c  and ( )( ),I c f c  is the inflection point of the function .f  

Theorem (sufficient condition for the existence of an inflection point): 
If the function f  is defined on an open interval J  and if f  is double derivative on J  except 
eventually at the point .c J∈  If the function f ′′  is a function that changes the sign at the point 

,c  then the function f  has an inflection at the point ,c  i.e. ( )( ),I c f c  is the inflection point 

of the function .f  
 
The procedure: 
Firstly, the function ,f ′′  is defined, and then the set 

𝑆𝑆2 = �𝑥𝑥 ∈ 𝐷𝐷𝑓𝑓: 𝑓𝑓″(𝑥𝑥) = 0  or  𝑓𝑓″(𝑥𝑥) does not exist�. 
Therefore, the natural domain fD ′′  of the function f ′′  should be defined, and all possible 

solutions of the equation ( ) 0.f x′′ =  

 
The elements of the set 2S  together with the edges of the domain fD  of the function f  

determine the edges of the curvature of the function .f  
 
On each curvature interval, on which the function f ′′  is a continuous function (which has no 
zero points on that interval), the same procedure is applied  
1) one point of that interval is chosen and the value of the function f ′′  is calculated at that 

point. 
2) If this value is positive (negative) then the function f  is strictly convex (strictly concave) on 

that interval. 
 
If the function f ′′  is the function that changes sign at the point 2 ,c S∈  then ( )( ),I c f c  is the 

inflection point of the function .f  
 
6. Graph function 
 
All obtained information about the function f  through steps 1-5 should be merged into a 
coherent image. When drawing a graph, it is possible to detect all inconsistencies, i.e. errors in 
the previous calculation and correct them. 
 
Example 1 

Examine the flux of the function ( )y f x=  and draw its graph, if: 

 ( ) ( )2

16 .
4

f x
x x

=
−

 

 
Solution: 
The function is elementary and therefore continuous (on each point where it is defined). 
The same is true of its derivatives. 
 



Innovative Approach in Mathematical Education for Maritime Students 
2019-1-HR01-KA203-061000 

 
 

57 
 

 
 
 
1. Area of definition (natural domain), parity and periodicity 
 

𝐷𝐷𝑓𝑓 = {𝑥𝑥 ∈ ℛ ∶  𝑥𝑥2(𝑥𝑥 − 4) ≠ 0} = ℛ\{0,4} = 〈−∞, 0〉 ∪ 〈0,4〉 ∪ 〈4,∞〉 
 
The function is neither even nor odd because the domain is not a symmetric set with respect 
to zero. 
The function is not periodic because there are no trigonometric functions in its formula. 
 
2. Intersections or touch points with coordinate axes 
 
( ) 0f x ≠  for all fx D∈  so the function has no zeros. 

( )0f  does not exist because 0 .fD∉  Therefore, the graph of the function f  neither intersects 

nor touches the axis .y  
 
3. Asymptotes 
 
Possible vertical asymptotes are lines 0x =  and 4.x =  Namely, 0 and 4 are points on the edge 
of the domain fD  where the function is not defined. 

 

( )0 20

16lim 0
4x

x
x x+→

= −∞⇒ =
−

 is the right vertical asymptote. 

 

( )0 20

16lim 0
4x

x
x x−→

= −∞⇒ =
−

 is the left vertical asymptote. 

 

( )0 24

16lim 4
4x

x
x x+→

= ∞⇒ =
−

 is the right vertical asymptote. 

 

( )0 24

16lim 4
4x

x
x x−→

= −∞⇒ =
−

 is the left vertical asymptote. 

 
The function could have horizontal asymptotes because the limits ( )lim

x
f x

→∞
 and ( )lim

x
f x

→−∞
 are 

reasonable (in the domain fD  is possible that x →∞  and x →−∞ ). 

 

lim
𝑥𝑥→∞

16
𝑥𝑥2(𝑥𝑥 − 4) = 0 ∈ℛ 

0y⇒ =  is the right horizontal asymptote. 
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lim
𝑥𝑥→−∞

16
𝑥𝑥2(𝑥𝑥 − 4) = 0 ∈ ℛ 

0y⇒ =  is the left horizontal asymptote. 
 
The function has right and left horizontal asymptotes so there are no oblique asymptotes. 
  
4. Monotonicity intervals and points of local extrema 

( )
( )
( )

( )
( )

( )
( )

( )
( )
( )

2

2 2 24 4 3

23

2

16 2 4 16 8 3 16 8 3
;

4 4 4

;

0

16 8 3 80 8 3 0 ;
34

8 16 16 27 .64 43 168 8 4 9 33 3

f f

x x x x x x
f x

x x x x x x

D D

f x

x
x x

x x

f

′

 − − + − − ′ = = =
− − −

=

′ =

−
= ⇔ − = ⇔ =

−

  = = = −  −     −   
   

 

 

Therefore, the only critical point of the given function is the stationary point 
8 27, .
3 16

 − 
 

 

 

1
8
3

S  =  
 

 

 
The edges of the domain fD  of the function f  are 

,0, 4,−∞ ∞  
so the intervals of monotonicity are: 

8 8,0 , 0, , , 4 , 4, .
3 3

−∞ ∞  

 

( )1 0f f′ − < ⇒  is decreasing on ,0 ;−∞  

( )1 0f f′ > ⇒  is increasing on 
80, ;
3

 

( )3 0f f′ < ⇒  is decreasing on 
8 ,4 ;
3

 

( )5 0f f′ < ⇒   is decreasing on 4, .∞  
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The point of the local extremum of the function f can only be the critical point of the 
function .f  
Therefore 

( ) 0f x′ >  for all 
80,
3

x∈  (as ( )1 0f ′ > ) 

and 

( ) 0f x′ <  for all 
8 ,4
3

x∈  (as ( )3 0f ′ < ), 

then 
8 27,
3 16

M  − 
 

 is the point of the local maximum of the function .f  

 
5. Curvature intervals and inflection points 
 

( )
( )

( ) ( ) ( ) ( ){ }
( )

( )
( ) ( ) ( ){ }

( )
( ) ( )( )

( )
( )

( )
( )

( )
( )

2 23 2 3
46

2

46

34

2 2 2
3 34 4

2
34

16 3 4 3 4 2 4 8 3
4

16 4
3 4 3 4 2 8 3

4
16 3 4 5 12 8 3

4
16 163 12 76 15 96 12 64 96

4 4
64 3 16 24 ;

4

;f f

f x x x x x x x x
x x

x x
x x x x x

x x

x x x x
x x

x x x x x x
x x x x

x x
x x

D D′′

 ′′ = − − − − + − − = −

−
= − − − − + − =  −

= − − − − − =  −

= − + − + + = − + =
− −

= − +
−

=

 

 

( ) 0f x′′ ≠  for all fx D ′′∈  because the equation 23 16 24 0x x− + =  has no real solutions. 

 

Therefore, 2S =∅  the set function has no inflection points. 
 
The edges of the domain fD  of the function f are: 

,0, 4,−∞ ∞  
so the curvature intervals are: 

,0 , 0, 4 , 4, .−∞ ∞  

 

( )1 0f f′′ − < ⇒  is strictly concave on ,0 ;−∞  

( )1 0f f′′ < ⇒  is strictly concave on 0,4 ;  
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( )5 0f f′′ > ⇒  is strictly convex on 4, .∞  

 
 
 
 
 
 
6. Graph function 
 

 
 
Example 2 

 
 ( ) 2ln .f x x x=  

 
Solution: 
The function is elementary and therefore continuous (on each point where it is defined). 
The same is true of its derivatives. 
 
1. Area of definition (natural domain), parity and periodicity 
 

𝐷𝐷𝑓𝑓 = {𝑥𝑥 ∈ ℛ ∶  𝑙𝑙𝑙𝑙(𝑥𝑥) ∈ ℛ} = ℛ+ = 〈0,∞〉 
 
The function is neither even nor odd because the domain is not a symmetric set with respect 
to zero. 
The function is not periodic because there are no trigonometric functions in its formula. 
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2. Intersections or touch points with coordinate axes 
 

( ) 2 20 ln 0 ln 0 ln 0 1.f x x x x x x= ⇔ = ⇔ = ⇔ = ⇔ =  

Therefore, ( )1,0N  is the zero of the function. 

 

( )0f  does not exist because 0 .fD∉  Therefore, the graph of the given function neither 

intersects nor touches the axis .y  
 
3. Asymptotes 
 
A possible right vertical asymptote is a line 0.x =  Namely, zero is a point at the edge of the 
domain fD  where the function is not defined, and only the right limit at that point is sensible 

because the set function is not defined to the left of zero. 

[ ]
0 0 0

2 LP
2

0 0 0

12 ln
lnlim ln 0 lim lim1x x x

x
x xx x

x
+ + +→ → →

⋅
∞ = ⋅∞ = = = ∞ 

2

1
x

−
0

0

0

0

2 lnlim 1

2

lim

x

x

x

x

x

+

+

→

→

= =
−

−∞ = = −∞ 
2

1
x

0
2 lim 0.

x
x

+→
= =

 

 

Note: Equality 
LP
=  is obtained by applying the L'Hospital's Rule. 

 

So, when 00x +→  then 
00y +→  therefore 0x =  is not the right vertical asymptote of the 

given function. 
 
 
The function could only have a right horizontal asymptote because only the limit ( )lim

x
f x

→∞
 is 

sensible (in the domain fD  is possible that ,x →∞  but not that x →−∞ ). 

lim
𝑥𝑥→∞

𝑥𝑥𝑙𝑙𝑙𝑙2𝑥𝑥 = ∞ ∉ ℛ 

It can be concluded that the given function has no horizontal asymptotes. 
 
The function could have only the right oblique asymptote because only the limits 

( )
1lim

x

f x
k

x→∞
=   and  ( ) 1 1lim

x
f x k x l

→∞
− =    

are reasonable (in the domain fD  is possible that ,x →∞  but not that x →−∞ ). 
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𝑘𝑘1 = lim
𝑥𝑥→∞

𝑓𝑓(𝑥𝑥)
𝑥𝑥

= lim
𝑥𝑥→∞

𝑥𝑥𝑙𝑙𝑙𝑙2𝑥𝑥
𝑥𝑥

= ∞ ∉ 𝑅𝑅 

so the function has no oblique asymptotes. 
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4. Monotonicity intervals and points of local extremes 
 

( ) 2lnf x x x′ = +
12ln x
x

⋅ ⋅ ( )

( )
( )

( ) ( ) ( ) ( )

2

22 2 2 2 2 2 2

ln ln 2 ;

;

0

ln ln 2 0 ln 0  ili  ln 2 1  ili  ;

1 1ln 1 0,    ln 2 4 .

f f

x x

D D

f x

x x x x x x e

f f e e e e e

′

−

− − − − −

= +

=

′ =

+ = ⇔ = = − ⇔ = =

= = = = ⋅ − =

 

 
Therefore, the critical points of the set function are stationary points ( )1,0  and ( )2 2, 4 .e e− −  

 
{ }2

1 ,1S e−=  

 
The edges of the domain fD  of the function f  are: 

0,∞  
so the intervals of monotonicity are: 

2 20, , ,1 , 1, .e e− − ∞  

 
( )3 0f e f−′ > ⇒  is increasing on 20, ;e−  

( )1 0f e f−′ < ⇒  is decreasing on 2 ,1 ;e−  

( ) 0f e f′ > ⇒  is increasing on 1, .∞  

 
The point of the local extremum of the function f can only be the critical point of the function 

.f  
Therefore 

( ) 0f x′ >  for all 20,x e−∈  (as ( )3 0f e−′ > ) 

and 

( ) 0f x′ <  for all 2 ,1x e−∈  (as ( )1 0f e−′ < ), 

 
then ( )2 2, 4M e e− −  is the point of the local maximum of the function .f  

 
Therefore 
 

( ) 0f x′ <  for all 2 ,1x e−∈  (as ( )1 0f e−′ < ), 

and 
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( ) 0f x′ >  for all 1,x∈ ∞  (as ( ) 0f e′ > ), 

then ( )1,0m  is the point of the local minimum of the function .f  

 
 
5. Curvature intervals and inflection points 

( ) ( )

( )

( )

( )

{ }

1

1 1

1
2

1 1 22ln 2 ln 1 ;

;

0
2 ln 1 0 ln 1 0 ln 1 ;

;

f f

f x x x
x x x

D D

f x

x x x x e
x

f e e

S e

′′

−

− −

−

′′ = ⋅ + ⋅ = +

=

′′ =

+ = ⇔ + = ⇔ = − ⇔ =

=

=

 

 
The edges of the domain fD  of the function f are: 

0,∞  
so the curvature intervals are: 

1 10, , , .e e− − ∞  

 
( )2 0f e f−′′ < ⇒  is strictly concave on 10, ;e−  

( )1 0f f′′ > ⇒  is strictly convex on 1, .e− ∞  

 
The inflection point of the function f  can only be the point ( )1 1, .e e− −  

 
Therefore 

( ) 0f x′′ <  for all 10,x e−∈  (as ( )2 0f e−′′ < ), 

and 
( ) 0f x′′ >  for all 1,x e−∈ ∞  (as ( )1 0f ′′ > ), 

then ( )1 1,I e e− −  is the point of inflection of the function .f  
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6. Graph function 
 

 
 
Example 3 

 
 ( ) 2

.xf x xe−=  

 
Solution: 
The function is elementary and therefore continuous (on each point where it is defined). 
The same is true of its derivatives. 
 
1. Area of definition (natural domain), parity and periodicity 
 

, .fD R= = −∞ ∞  

For all fx D∈  is: 

( ) ( ) ( )
2 2x xf x xe xe f x− − −− = − = − = −  

therefore the function f is an odd function. So, the flux of the function only at the set is 
examined 

𝐷𝐷𝑓𝑓 ∩ [0,∞⟩ = 𝑅𝑅 ∩[0,∞⟩ = [0,∞⟩. 
 
The function is not periodic because there are no trigonometric functions in its formula. 
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2. Intersections or touch points with coordinate axes 
 

( ) 2

0 0 0.xf x xe x−= ⇔ = ⇔ =  

( )0,0N  is the zero and intersection with the axis .y  

3. Asymptotes 
 
𝐷𝐷𝑓𝑓 = 𝑅𝑅 so the function has no vertical asymptotes. 
The function could only have a right horizontal asymptote because only the limit ( )lim

x
f x

→∞
 is 

sensible (in the domain fD  is possible that x →∞ ). 

[ ]2

2 2

LP 1lim 0 lim lim 0
2

x
x xx x x

xxe
e xe

−

→∞ →∞ →∞

∞ = ∞ ⋅ = = = = ∞ 
 

0y⇒ =  is the right horizontal asymptote. 
 
The function does not have the right oblique asymptote because it has the right horizontal 
asymptote. 
 
4. Monotonicity intervals and points of local extremes 

( ) ( )

( )

( )

2 2 2

2

2 2

0
2 2

1/2

2 1 2 ;

;

0
11 2 0 1 2 0 0.707107;
2

1 1 .
2 2

x x x

f f

x
x

f x e x e x e

D D

f x

x e x x

f e

− − −

′

≥
−

−

′ = − = −

=

′ =

− = ⇔ − = ⇒ = ≈

  = 
 

 

 

1
1
2

S  =  
 

 

 
The edges of the interval 0, ∞  are: 

0,∞  
so the monotonicity intervals (on the interval 0, ∞ ): 

1 10, , , .
2 2

∞  

1 0
2

f f ′ > ⇒ 
 

 is increasing on 
10, ;
2
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( )1 0f f′ < ⇒  is decreasing on 1 , .
2

∞  

The point of the local extremum of the function f can only be the critical point of the function 
.f  

Therefore 

( ) 0f x′ >  for all 10,
2

x∈  (as 
1 0
2

f  ′ > 
 

) 

and 

( ) 0f x′ <  for all 1 ,
2

x∈ ∞  (as ( )1 0f ′ < ), 

then 1/21 1,
2 2

M e− 
 
 

 is the point of the local maximum of the function .f  

 
5. Curvature intervals and inflection points 
 

( ) ( ) ( )

( )

( ) ( )

( )

2 2 2

2

2 2

0
2 2

3/2

2

4 2 1 2 2 2 3 ;

;

0

32 2 3 2 3 0 0  ili  1.22474;
2

3 30 0,    .
2 2

30,
2

x x x

f f

x
x

f x xe x x e x x e

D D

f x

x x e x x x x

f f e

S

− − −

′′

≥
−

−

′′ = − − − = −

=

′′ =

− ⇔ − = ⇒ = = ≈

 
= =  

 

  =  
  

 

 
The edges of the interval 0, ∞  are: 

0,∞  
so the curvature intervals (on the interval 0, ∞ ): 

3 30, , , .
2 2

∞  

 

( )1 0f f′′ < ⇒  is strictly concave on
30, ;
2
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( )2 0f f′′ > ⇒  is strictly convex on
3 , .
2
∞  

Therefore 

( ) 0f x′′ <  for all 30,
2

x∈  (as ( )1 0f ′′ < ), 

and 

( ) 0f x′′ >  for all 3 ,
2

x∈ ∞  (as ( )2 0f ′′ > ), 

then 3/23 3,
2 2

I e− 
  
 

 is the point of the inflection of the function .f  

 
6a. Graph of the function on the interval 0, ∞  

 

 
6b. Graph function 
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Example 4 

 ( )
1

2 .xf x x e −= ⋅  
 
Solution: 
 
The function is elementary and therefore continuous (on each point where it is defined). 
The same is true of its derivatives. 
 
1. Area of definition (natural domain), parity and periodicity 𝐷𝐷𝑓𝑓 = ℛ\{2} = 〈−∞, 2〉 ∪ 〈2,∞〉 
 
The function is neither even nor odd because the domain is not a symmetric set with respect 
to zero. 
The function is not periodic because there are no trigonometric functions in its formula. 
 
2. Intersections or touch points with coordinate axes 
 

( )
1

20 0 0.xf x xe x−= ⇔ = ⇔ =  

( )0,0N  is the zero and the intersection with the axis .y  

 
3. Asymptotes 
 
A possible right vertical asymptote is the line 2.x =  Namely, 2 is the point on the edge of the 
domain fD  where the function is not defined. Obviously both limits 

( )
02

lim
x

f x
+→

  are  ( )
02

lim
x

f x
−→
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are sensible. 

0

1
2

2
lim x

x
xe

+

−

→
= ∞  so 2x =  is the right vertical asymptote. 

 

0

1
2

2
lim 0.x

x
xe

−

−

→
=  

 
The function could have horizontal asymptotes because the limits ( )lim

x
f x

→∞
 and ( )lim

x
f x

→−∞
 

are sensible (in the domain fD  is possible that x →∞  and x →−∞ ). 

 
1

2

1
2

lim

lim

x
x

x
x

xe R

xe R

−

→∞

−

→−∞


= ∞∉ ⇒

= −∞∉ 

 the function has no horizontal asymptotes. 

 
The function could have oblique asymptotes because all the associated limits are sensible (in 
the domain fD  is possible that x →∞  and x →−∞ ). 

 

( )lim lim
x x

f x x
x→∞ →∞

=

1
2xe

x

−

{ }

( ) [ ] [ ]

( )
( )

1

1 1
2 2

1

1
21

2 122 LP
2

2

2

12
2

12

11

1 \ 0 ;

lim lim lim 1 0

1
21 0lim lim lim1 10 2

lim lim 1
4 4

x x
x x x

x

x
x

x x x

x
x x

k R

f x k x xe x x e

e
xe x e

x
x x

x e l R
x x

− −

→∞ →∞ →∞

−

−
−

→∞ →∞ →∞

−

→∞ →∞

==

= = ∈

   
− = − = ∞ −∞ = − = ∞⋅ =      

   

−
−−  = = = = =   −−

= ⋅ = = ∈
− + 

 

so 1y x= +  is the right oblique asymptote. 
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( )lim lim
x x

f x x
x→−∞ →−∞

=

1
2xe

x

−

{ }

( ) [ ] [ ]

( )
( )

2

1 1
2 2

2

1
21

2 122 LP
2

2

2

12
2

2

11

1 \ 0 ;

lim lim lim 1 0

1
21 0lim lim lim1 10 2

lim lim
4 4

x x
x x x

x

x
x

x x x

x
x x

k R

f x k x xe x x e

e
xe x e

x
x x

x e
x x

− −

→−∞ →−∞ →−∞

−

−
−

→−∞ →−∞ →−∞

−

→−∞ →−∞

==

= = ∈

   
− = − = −∞ +∞ = − = −∞⋅ =      

   

−
−−  = = = = =   −−

= ⋅ =
− + 

21 l R= ∈

 

so 1y x= +  is the left oblique asymptote. 
 
4. Monotonicity intervals and points of local extremes 
 

( )
( ) ( ) ( )

( )

( )

( ) ( )

1 1 1 12
2 2 2 2

2 2 2

12
22

2

1 1/2

5 41 ;
2 2 2

;

0

5 4 0 5 4 0 1  ili  4.
2

1 ,    4 4 .

x x x x

f f

x

x x x xf x e e e e
x x x

D D

f x

x x e x x x x
x

f e f e

− − − −

′

−

−

  − +′ = − = − = 
− − −  

=

′ =

− +
= ⇔ − + = ⇔ = =

−

= =

 

 
Therefore, the critical points of the given function are stationary points ( )11,e−  and ( )1/24, 4 .e  

{ }1 1, 4S =  

 
The edges of the domain fD  of the function f  are: 

, 2,−∞ ∞  
so the intervals of monotonicity are: 

,1 , 1, 2 , 2, 4 , 4, .−∞ ∞  

 
( )0 0f f′ > ⇒  is increasing on ,1 ;−∞  

3 0
2

f f ′ < ⇒ 
 

 is decreasing on 1,2 ;  
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( )3 0f f′ < ⇒  is decreasing on 2,4 ;  

( )5 0f f′ > ⇒  is increasing on 4, .∞  

 
The points of the local extremes of the function f can be only critical points of that function. 
 
Therefore 

( ) 0f x′ >  for all ,1x∈ −∞  (as ( )0 0f ′ > ) 

and 

( ) 0f x′ <  for all 1,2x∈  (as
3 0
2

f  ′ < 
 

), 

then ( )11,M e− is the point of the local maximum of the function .f  

 
Therefore 

( ) 0f x′ <  for all 2,4x∈  (as ( )3 0f ′ < ) 

and 
( ) 0f x′ >  for all 4,x∈ ∞  (as ( )5 0f ′ > ), 

then ( )1/24, 4m e  is the point of the local minimum of the function .f  
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5. Curvature intervals and inflection points 
 

( )
( )

( )
( ) ( )( )

( )

( )( ) ( )
( )

1 1 12
2 22 2 2

2

4

2
2

1
2

3

2

5 42 5 2 2 2 5 4
2

2

5 42 5 2 2 5 4
2

2

2

x x x

x

x xx e e x x x x e
x

f x
x

x xx x x x
x e

x

x

− − −

−

 − +
− − − − − − + 

−  ′′ = =
−

− +
− − − − − +

−= =
−

=

2
25 49 10 2

2
x xx x

x
− +

− + − −
−

( ) ( )
( )( )

( )

2

1 1
2 2

3 3

2 1 2
2

4

5 410 8 2
2

2 2

2 2 5 4
2

x x

x

x xx x
xe e

x x

x x x x xe
x

− −

−

− +
+ − + −

−= =
− −

+ − − + −
= =

−

24 x− −

( ) ( )

( )

( )

1 1
2 2

4 4

1
2

4

5/2

2

5 4 5 8 ;
2 2

;

0

5 8 80 5 8 0 .
52

8 8 .
5 5

8
5

x x

f f

x

x xe e
x x

D D

f x

x e x x
x

f e

S

− −

′′

−

−

+ − −
=

− −

=

′′ =

−
= ⇔ − = ⇔ =

−

  = 
 

 =  
 

 

 
The edges of the domain fD  of the function f  are: 

, 2,−∞ ∞  
so the curvature intervals are: 

8 8, , , 2 , 2, .
5 5

−∞ ∞  

 

( )1 0f f′′ < ⇒  is strictly concave on 8, ;
5

−∞  

9 0
5

f f ′′ > ⇒ 
 

 is strictly convex on 8 ,2 ;
5

 

( )3 0f f′′ > ⇒  is strictly convex on 2, .∞  
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Therefore 

( ) 0f x′′ <  for all 8,
5

x∈ −∞  (as ( )1 0f ′′ < ), 

and 

( ) 0f x′′ >  for all 8 ,2
5

x∈  (as
9 0
5

f  ′′ > 
 

), 

then 5/28 8,
5 5

I e− 
 
 

 is the point of inflection of the function .f  

 
6. Graph function 
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Example 5 

 ( ) ( )22 ln .f x x x= −  
 
Solution: 
The function is elementary and therefore continuous (on each point where it is defined). 
The same is true of its derivatives. 
 
1. Area of definition (natural domain), parity and periodicity 
 

{ }\ 0 ,0 0, .fD R= = −∞ ∞  

 
For all fx D∈ : 

( ) ( ) ( ) ( )2 22 ln 2 lnf x x x x x f x − = − − − = − =   

So the function f  is a pair function. Therefore, it is sufficient to examine the flux of the 
function only for the set 

0, 0, 0, .fD R ∞ =  ∞ = ∞    

 
for 0x >  is: 

( ) ( ) ( )2 2ln 2 1 ln .f x x x x x= − = −  

 
The function is not periodic because there are no trigonometric functions in its formula. 
 
2. Intersections or touch points with coordinate axes 
 
( ) ( )0 2 1 ln 0 1 ln 0 ln 1 .f x x x x x x e= ⇔ − = ⇔ − = ⇔ = ⇔ =  

Therefore, ( ),0N e  is the only zero of the set function on the interval 0, .∞  

 
( )0f  does not exist 0 .fD∉  Therefore, the graph of the function neither intersects nor 

touches the axis .y  
 
3. Asymptotes 
 

( ) ( ) [ ]
0 0 0

0

LP

0 0 0

LP

0

1 lnlim lim 2 1 ln 0 lim 1
2

1

lim

x x x

x

xf x x x

x

x

+ + +

+

→ → →

→

− ∞ = − = ⋅∞ = = = ∞ 

−
= 1

4 x
−

00
lim 4 0

x
x

x

+→
= =

 

so the function has no vertical asymptotes on the right side of the graph; 
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( ) ( )lim lim 2 1 ln

x x
f x x x R

→∞ →∞
= − = −∞∉  

so the function has no right horizontal asymptote; 

( ) ( ) LP

1

2
2 1 ln 4lim lim lim lim 0 ;1

2
x x x x

f x x x k
x x x

x
→∞ →∞ →∞ →∞

−− −∞ − = = = = = = ∞ 
 

{ }1 \ 0k R∉  so the function has no right oblique asymptote. 

 
4. Monotonicity intervals and points of local extremes 
 

( ) ( )

( )

( )

{ }

1

1 1 1/2

1
1

1 1 1 ln 2 1 ln1 ln 2

0, ;

0
1 ln 0 1 ln 0 ln 1 .

4 4 .

f f

x xf x x x
xx x x

D D

f x
x x x x e

x

f e e e

S e

′

−

− − −

−

− − − +′ = − + ⋅ = = −

=  ∞

′ =

+
− = ⇔ + = ⇔ = − ⇔ =

= =

=



 

 
The edges of the interval 0,∞  are: 

0,∞  

so the monotonicity intervals (on the interval 0,∞ ): 
1 10, , , .e e− − ∞  

 

( )2 0f e f−′ > ⇒  is increasing on  10, ;e−  

( )1 0f f′ < ⇒  is decreasing on 1, .e− ∞  

 
The point of the local extremum of the function f  can only be the critical point of the 
function .f  
 
Therefore 

( ) 0f x′ >  for all 10,x e−∈  (as ( )2 0f e−′ > ) 

and 
( ) 0f x′ <  for all 1,x e−∈ ∞  (as ( )1 0f ′ < ), 
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then ( )1 1/2, 4M e e− −  is the point of the local maximum of the function .f  

 
5. Curvature intervals and inflection points 
 

( )
( ) ( )

( )

( )

{ }2

1 1 1 21 ln 1 ln
ln 12 2 2 ;
2

0, ;

0
ln 1 0 ln 1 0 .
2

0.

f f

x x x
xx x x xf x

x x x x

D D

f x
x x x e

x x

f e

S e

′′

− + + −
−′′ = − = =

=  ∞

′′ =

−
= ⇔ − = ⇔ =

=

=



 

 
The edges of the interval 0,∞  are: 

0,∞  
so the curvature intervals (on the interval 0,∞ ): 

0, , , .e e ∞  

 
( )1 0f f′′ < ⇒  is strictly concave on 0, ;e  

( )2 0f e f′′ > ⇒  is strictly convex on , .e ∞  

 
Therefore 

( ) 0f x′′ <  for all 0,x e∈  (as ( )1 0f ′′ < ), 

and 

( ) 0f x′′ >  for all ,x e∈ ∞  (as ( )2 0f e′′ > ), 

then ( ),0I e  is the point of the inflection of the function .f  
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6a. Graph of the function on the interval 0,∞  

 

 
 
6b. Graph function 
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Example 6 

Example of a function where the point of the local extremum is a critical point that is not 
stationary: 

𝑓𝑓(𝑥𝑥) = |𝑥𝑥| = �𝑥𝑥  if  𝑥𝑥 ≥ 0
−𝑥𝑥  if  𝑥𝑥 < 0 

 
, ;fD R= = −∞ ∞  

 

𝑓𝑓′(𝑥𝑥) = �1  if  𝑥𝑥 > 0
−1  if  𝑥𝑥 < 0 

 

( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )0 0

0 0

0 0

0

0 0

0 0
0 lim lim 1 0 00 0 lim

00 0
0 lim lim 1

0

d t t

t

l t t

f t f tf f t ft t f
tf t f tf

t t

+ +

− +

→ →

→

→ →

+ − 
′ = = =  + −− ′⇒ = −+ − − ′ = = = − − 

 does not exist. 

 
( )0 0.f =  

 
Therefore, ( )0,0  is a critical point that is not stationary. 

 
{ }1 0S =  

 
The edges of the domain of the function f are: 

,−∞ ∞  
so the intervals of monotonicity are: 

,0 , 0, .−∞ ∞  

 
Therefore 

( ) 1 0f x′ = − <  for all 0x <  

and 
( ) 1 0f x′ = >  for all 0,x >  

then ( )0,0m  is the point of the local minimum of the function .f  

 
Graph function :y x=  
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6.8 Exercises  
 

Task 1. Prove that: 

(1.) 
( )2dxc

adbc
dxc
bxa

+
−

=
′








+
+

; (2.) 
( )22

2

2 55
2562

55
32

+−

+−−
=

′








+−
+

xx
xx

xx
x

; 

(3.) 
( )22 12

411
12

2
−

−
=

′






 −

− xx
x

xx
; 

(4.) ( )[ ] xx xeex =′⋅−  1 ; 

(5.) 
( )

32

2
x
xe

x
e xx −

=
′









; (6.) 

( )222 1
12

1
1

++

+
−=

′








++ tt
t

tt
. 

 

Task 2. Find the derivatives: 

(1.) ( )42531 xxy ++= ; (2.) ( )33 xsiny −= ; 

(3.) 
xcos

xsiny 2
3 2 1

+= ; (4.) xey xx 53 ln122 +++= ; 

(5.) xtgxcosxsiny ++=
5

3 ; (6.) ( )
x
atgxxsiny ++−= 152 ; 

(7.) ( ) ( )xarctglnxlnarctgy  += ; (8.) 





=

3
2 xarctglny ; 

(9.) 
x
xlnxy 111

2
2 ++

−+= ; (10.) xsinarctg
xsin
xsinlny 2

1
1

+
−
+

= ; 

(11.) xarctg
x
xln

x
xlny  

2
1

1
1

4
1

1
1

4
3

2

2

+
+
−

+
−
+

= ; (12.) 2

2
1

1
xln

x
xarcsinxy −+

−
= ; 

(13.) 
tcos

tsinln
tcos

tsiny +
+=

1
2

; (14.) xxx eearctgey 21ln +−= . 

(15.) 
2 2sin cos

1 1
x xy

ctgx tgx
= +

+ +
 (16.) 

1
 2

2

+
−= x

x
x

e
elnearctgy  

 
 

Solution: 

(1.) ( ) ( )xxxy 1035314 32 +++=′ ; (2.) ( ) xcosxsiny 233 −−=′ ; 
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(3.) 
xcos
xsin

xsin
xcosy 33

2
3

2
+

⋅
=′ ;  (4.) 

( ) x
xln

e

lney
xx

xx 4

3 2

5

1223

222
+

++⋅

+
=′ ; 

(5.) 
xcosx

xsinxcosy
2

1
2

1
55

133 ⋅+−=′ ;(6.) ( ) ( )
x
acosx

axxcosxy
2

2
2 11552 ⋅−+−−=′ ; 

(7.) 22 1
1

 
11

1
1

xxarctgxxln
y

+
⋅+⋅

+
=′ ; (8.) 

29
3

3

1
3

2
xxarctg

xarctglny
+

⋅⋅





=′ ; 

(9.) 
x

xy 12 +
=′ ;    (10.) 

xsinxcos
y 2
=′ ; 

(11.) 
1

3
4

2

−
−

=′
x

xxy ;    (12.) 
( )2

3
21 x

xarcsiny
−

=′ ; 

(13.) 
tcos

y 3

2
=′ ;    (14.) xe arctgey x=′ ; 

(15.) cos 2y x′ = − ;   ¸ (16.) 
1
1

2 +
−

=′ x

x

e
ey . 

Task 3. Prove that the function 2

2x

xey
−

=  satisfies the equation ( )yxyx 21−=′⋅ . 

Task 4. Prove that the function 
xlnxx

xlny
−
+

=
1  satisfies the equation 012 222 =−−′⋅ yxyx . 

Task 5. Find the derivatives:   

(1.) ( ) xtgxxf 10= ; (2.) ( ) ( )x xxg 21+= ; 

(3.) xsinxy = ; 
(4.) 

( )
( ) ( )115

9

31

2

−⋅−

−
=

xx

xy ; 

(5.) 
1
122

+
−

=
x
xxy . 

 

 

Solution: 

(1.) ( ) 1010 2 ln
xcos

xtgxxf xtgx ⋅





 +=′ ;  
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(2.) ( ) ( ) ( )
( )








 +
−

+
+⋅=′

2
2 1

1
112

x
xln

xx
xxg x ; { }1,0\ −∈∀ Rx ; 

(3.) 





 +⋅=′

x
xsinxlnxcosxy xsin ; 

(4.) 
( ) ( )

( ) ( )137

28

31

172

−⋅−

+−⋅−
=′

xx

xxxy ; { }3,1\Rx∈∀ ; 

(5.) ( )
( )( ) 1

12
1212
478 2

+
−

⋅
−+
−+

=′
x
x

xx
xxxy ; 







 −∈∀ 1

2
1 ,\Rx . 

Task 6. Find the partial derivatives: 

(1.) ( ) ( )22 yxxlny,xF ++= ; 

(2.) ( )
xyx

xyx
lny,xF

++

−+
=

22

22

; 

(3.) ( )
22

22

yx

yx
arcsiny,xF

+

−
= . 

Solution: 

 (1.) 
x
F
∂
∂

=
22

1
yx +

 ,     
2222 yxxyx

y
y
F

+++
=

∂
∂

; 

 

(2.) 
22

2
yxx

F
+

−
=

∂
∂

 ,     
22

2
yxy

x
y
F

+
=

∂
∂

; 

 

(3.) 
( ) 2222

2
yxyx

xy
x
F

−+
=

∂
∂

 ,      
( ) 2222

22
yxyx

x
y
F

−+

−
=

∂
∂

. 

Task 7. The function is given as ( ) ( )1, 2 += y
x
yyxF . Define 

x
F
∂
∂  and 

y
F
∂
∂

 at the point ( )2,1T

. 

Solution:  ( )
4
11,2 −=

∂
∂

x
F

; ( ) 11,2 =
∂
∂

y
F

 

Task 8. At the point ( )1,1  find the partial derivatives of  ( )
yx

yx
yxF

−−
+

=
1

,
22

. 

Solution: 
( )

( )
2
21,1

1 222

2

=
∂
∂

⇒
+−−

+−
=

∂
∂

x
F

yxyx
yxyx

x
F

; 
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( )
( )

2
21,1

1 222

2

=
∂
∂

⇒
+−−

+−
=

∂
∂

y
F

yxyx
yxyx

y
F

. 

Task 9. Find the derivative ( )xfy =  of the implicitly given function: 

(1.) yxe y += ; (2.) C
y
xy =+ln ; (3.) ( )22ln

2
1 yx

x
yarctg += ; 

(4.) 
x
yarctgCyx ⋅=+ 22 ; (5.) 22 yxarctge x

y

+= . 

Solution: 

(1.) 
1

1
−+

=′
yx

y ; (2.) 
yx

yy
−

=′ ; (3.) 
yx
yxy

−
+

=′ ; 

(4.) 
22

22

yxyCx

yxxCy
y

+−

++
=′ ; (5.) 

( )
( ) yxyxyxex

yxyxeyx
y

x
y

x
y

22222

22223

1

1

−+++⋅

+++⋅+
=′ . 

Task 10. Calculate the derivation y′  of the given function at the stated points: 

 

(1.) ( ) ( )yxyx −=+ 273  at ( )2,1T ; (2.) 1+= xy eye  at ( )0,1T ; 

(3.) 
x
ylnxy +=2  at ( )1,1T . 

 

 
Solution: 

(1.) ( )
( )

( ) ( ) 0
273

327
1,22

2

1,2 =
++
+−

=′
yx

yxy ;            (2.) ( ) ( ) 2
1

1,0

1

1,0 ==′
+

y

x

ye
ey ; 

(3.) ( )
( )

( ) ( ) 0
12

1
1,121,1 =

−
−

=′
yx
xyy . 

Task 11. Find ( ); , ,y x a b c R′ ∈  if: 

(1.) 
( )

( )







+
⋅

=

+
=

.
tcosb

tcoscty

,
tcosb

tsinatx

1

1  (2.) 
( )

( )








+
=

+
=

.
1
3

,
1
3

3

2

3

t
atty

t
attx
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(3.) 
( )

( )









=

=

,
tcos

tsinty

,
tcos

tcostx

2

2
3

3

  

 

Solution: 

(1.) ( ) ( )tcosba
tsincxy

+
−=′ ;             (2.) ( ) ( )

3

3

21
2

t
ttxy

−
−

=′ ; 

(3.) ( ) ttgxy 3−=′ . 

 

Task 12. Find y ′′ (x) if 

(1°) 
( )
( )





=

=

.
2
1

,
2tty

arctgttx
 (2°) 

( )
( )





−
=

=

.
t

ty

,tlntx

1
1  

(3°) 
( )
( )




−=
=

.tty
,tarcsintx

21
 (4°) ( ) ( )

( )





+=
++=

.tty
,ttlntx

2

2

1
1  

 

Solution: 

(1.) ( ) ( )( )22 311 ttxy ++=′′ ;                    (2.) ( ) ( )
( )31
1

t
ttxy

−
⋅+

=′′   
; 

(3.) ( ) 21 txy −−=′′ ;   (4.) ( ) 21 txy +=′′ . 

 

Task 13. Define the equation of the tangent of the function 342 +−= xxy  at the left 
zero-point. 

Solution: 

Zero-points are 11 =x  and 32 =x ; left ( )0,10T ; 022  : =−+ xyt . 

 

Task 14. On the function ( ) 432 −+= xxxf  place the tangent that is parallel to the line  
0132 =+− yx . 

Solution:  
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( )
6
732

3
2

00 −=⇒+== xxkt ; 
36
221

0 −=y ; 01932436    : =+− xyt . 

 

Task 15. Find the equation of the tangent and the normal for functions: 

(1.) ( ) ( )xcoslnxf =  at the point π20 =x . 

(2.) ( )
4

8
2 +

=
x

xf  at the point ( )( )2,2 fT . 

Solution: 
(1.) π20 =x ; 00 =y ; ( ) 00 =′ xf ; 

0  =y:t ;  02 =π−x:n ; 

(2.) 20 =x ; 10 =y ; ( )
2
12 −=′= fkt ;

042 =−+ yx:t ;  032 =−− yx:n . 
 

Task 16. From the point ( )1,4T  find the tangent on the curve 
x

xy 1−
=  and define the 

contact points. 

Solution:  









2
1,2D ; 044 =−y:t . 

Task 17. At which point of the parabola 122 ++= xxy  the tangent makes identical 
angles on both sides of the coordinate axis? 

Solution: 

 





−

4
1 

2
1

1 ,T ; 





−

4
1 

2
3

2 ,T . 

 

Task 18. Find the equation of the tangent and the normal on the parametrically given 
curve: 

(1.) 
( )

( )







+=

+
=

;
2
1

2
3

,1

2

3

tt
ty

t
ttx

  (2.) 
( )

( )







−
=

+
=

;
1

,
2

2

t
tty

t
ttx

  
at the point ( )2,20T ; for 20 =t ; 
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(3.) 
( )
( )




=
=

;aty
,tsintx

t   

Solution: 

(1.) 
: 7 10 6 0,

 
: 10 7 34 0;

t x y
n x y

− + =
+ − =

  (2.) 
: 4 6 0,
: 4 7 0;

t x y
n x y

+ − =
− + =

 

(3.)
: ln 1 0,

     1: 1 0.
ln

t y x a

n y x
a

− − =

+ − =
 

Task 19. Define the equation of the tangent on the curve 
tgx

xsiny 





 +=

2
12  at the point 

for which the abscissa is 
4

3
0

π
=x . 

Solution:  

04344 =−+− πxy ; 





 1,

4
3

0
πT ; 1

4
3

=





′ πy . 

 

Task 20. Find the angle at which the parabolas intersect: 

(1.) 
2

4
2xy −=  and 

2

2xy = ; (2.) 2xy =  and xy =2 . 

Solution: 

(1.) ϕ = 126°52’;   (2.) ϕ1 = 36°50’   and   ϕ2 = 90°. 

 
Task 21. Find the equation of the tangent and the normal on the curves that are given by 
an implicit equation: 

(1.) 0123 5 =+−− xyx , at the point ( )2,1T ; 

(2.) 07298 22 =−− yx , at the point ( )8,9 −−T ; 

(3.) 022 =⋅−⋅
−−

xy

eyex , at the point with the abscissa 00 =x . 

Solution: 

at the point for which 00 =t . 
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(1.) : 13 11 0,

      
: 13 27 0;

t x y
n x y

− − =
+ − =

; 
(2.) : 1 0,

     
: 1 0;

t x y
n x y

− + =
+ − =

; 

 

(3.)  ( ) 1,2,00 −=− ekT t  ;  

( ) 21 −−= xey:t ; ( ) ( ) 0121 =−++− exye:n . 
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Task 22.  Find limits: 

 

(1.)  ( )
1

lim 1
2x

xx tg π
→

−        (2.)   













 +−

∞→ x
xx

x

11lnlim 2     (3.) 
1

2lim 2

−

−
∞→

x
x

e

arctgxπ
 

(4.)  ( )[ ]xx
x

ln1lnlim −+
∞→

     (5.)   lim
𝑥𝑥→0

𝑥𝑥
3

4+𝑙𝑙𝑠𝑠𝑥𝑥         (6.)  lim
𝑥𝑥→0

1−𝑐𝑐𝑎𝑎𝑎𝑎𝑥𝑥
𝑥𝑥

        

   

(7.)  lim
𝑥𝑥→0

𝑎𝑎𝑠𝑠𝑙𝑙𝜋𝜋𝑥𝑥
𝑙𝑙𝑙𝑙𝑥𝑥

         (8.)    lim
𝑥𝑥→0

𝑒𝑒
1
𝑥𝑥−1
1
𝑥𝑥

         (9.)  lim
𝑥𝑥→0

𝑎𝑎𝑠𝑠𝑙𝑙𝑥𝑥−𝑥𝑥
𝑥𝑥2

          

 

Solution: 
 (1.)   2

 𝜋𝜋
                       (2.) 1

2
                     (3.)   1            (4.) 0         (5.)  𝑒𝑒3 

 
(6.) 0                          (7.) –𝜋𝜋                 (8.) 1               (9.) 0          

 

Task  23.  Consider the function 𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 − 3
2
𝑥𝑥2 − 18𝑥𝑥. The points c=3,−2  satisfy  f′(c)=0 . 

Use the second derivative test to determine whether  f  has a local maximum or local minimum 
at those points. 

Solution:   

f has a local maximum at  −2  and a local minimum at  3 . 

 

For tasks 2 - 6, determine: 

a) intervals where  f  is increasing or decreasing 
b) local minima and maxima of  f  
c) intervals where  f  is concave up and concave down 
d) the inflection points of  f.   
e) Sketch the curve. 

 

Task  24.   

2

2( )
9

xf x
x

= −
−

 

Solution: 
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a) 𝐷𝐷𝑓𝑓 = ℝ ∖ {3,−3} ,     
b) N (0,0),    
c) V.A. 𝑥𝑥 = ±3, H.A. 𝑦𝑦 = 1,    

d) 𝑓𝑓′(𝑥𝑥) = −18𝑥𝑥
(9−𝑥𝑥2)2

,𝑓𝑓′′(𝑥𝑥) = −54𝑥𝑥2+162
(9−𝑥𝑥2)3

, Tmax(0, 0). 

 
 

Task 25.   

( )2
4 12( )

2
xf x

x
−

=
−

 

Solution: 

a) 𝐷𝐷𝑓𝑓 = ℝ ∖ {2} , 

b) Sx (3,0), Sy (0,-3), 

c) V.A. 𝑥𝑥 = 2, H.A. 𝑦𝑦 = 0, 

d) 𝑓𝑓′(𝑥𝑥) = −4(𝑥𝑥−4)
(𝑥𝑥−2)3

,𝑓𝑓′′(𝑥𝑥) = 8𝑥𝑥−40
(𝑥𝑥−2)4

, Tmax(4,1), I�5, 8
9
�. 
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Task 26.  

2

2

4 3( )
2

x xf x
x x
− +

=
−

 

 

Solution: 

a) 𝐷𝐷𝑓𝑓 = ℝ ∖ {0,2} , 

b) N1 (3,0), N2 (1,0), 

c) V.A. 𝑥𝑥 = 0, 𝑥𝑥 = 2, H.A. 𝑦𝑦 = 1, 

d) 𝑓𝑓′(𝑥𝑥) = 2𝑥𝑥2−6𝑥𝑥+6
(𝑥𝑥2−2𝑥𝑥)2

,𝑓𝑓′′(𝑥𝑥) = −4𝑥𝑥5+26𝑥𝑥4−72𝑥𝑥3+96𝑥𝑥2−48𝑥𝑥
(𝑥𝑥2−2𝑥𝑥)4

 , there are no minimum either 

maximum. 
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Task 27.   

𝑓𝑓(𝑥𝑥) =
ln (2𝑥𝑥)
𝑥𝑥2

 

Solution: 

a) 𝐷𝐷𝑓𝑓 = 〈0,∞〉 , 

b) N (
1
2
, 0), 

c) V.A. 𝑥𝑥 = 0; H.A. 𝑦𝑦 = 0, 

d) 𝑓𝑓′(𝑥𝑥) = 1−2𝑥𝑥2ln (2𝑥𝑥)
𝑥𝑥5

, 𝑓𝑓′′(𝑥𝑥) = 6𝑥𝑥2𝑙𝑙𝑙𝑙2𝑥𝑥−2𝑥𝑥−5
𝑥𝑥6

 , 𝑇𝑇𝑚𝑚𝑎𝑎𝑥𝑥(√𝑒𝑒
2

, 2
𝑒𝑒
) 
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Task 28.   

𝑓𝑓(𝑥𝑥) =
𝑥𝑥

(1 + 𝑥𝑥2)
∙ 𝑒𝑒𝑥𝑥 

Solution: 

a) 𝐷𝐷𝑓𝑓 = ℝ ∖ {−1} , 

b) N (0, 0), 

c) V.A. 𝑥𝑥 = −1; L.H.A. 𝑦𝑦 = 0, 

d) 𝑓𝑓′(𝑥𝑥) = 𝑒𝑒𝑥𝑥(𝑥𝑥2+1)
(1+𝑥𝑥)3

,𝑓𝑓′′(𝑥𝑥) = 𝑒𝑒𝑥𝑥(𝑥𝑥3+3𝑥𝑥−2)
(1+𝑥𝑥)2

 , there are no minimum either maximum. 
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6.9 Connections and applications 
 

Examples of applications in the maritime domain. 

Maritime affairs does not include only sailing or underway actions and navigation but it brings 
together terms from vessels, employees and companies over shipbuilding to trade, transport 
and management. Calculus can help us solve many types of real-world problems in maritime 
affairs.  

We use the derivative to determine the maximum and minimum values of particular functions 
(e.g. cost, strength, amount of material used in a building, profit, loss, etc.). Derivatives are met 
in many problems in maritime domain especially relating velocity and position and generally, 
rates of change related quantities. 

 

6.9.1 Related Rates  
 

Here we study several examples of related quantities that are changing with respect to time 
and we look at how to calculate one rate of change given another rate of change. 

Example 1: 

Ship A is 50 miles west of ship B. The ship A is sailing east at 10 knots, and the ship B is sailing south at 
15 knots. Find the rate of change of the distance between the ships after 5 hours. 

Solution: 

Step 1: Draw a picture placing the problem and introducing the variables. 
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Let y  denote the distance sailed by the ship B, x denote the distance between the current position of 
the ship A and starting position of the ship B and z denote the current distance between the ships. Notice 
that x, y and z are functions of time and d does not depend on time - it is the initial distance between 
ships (fixed number).  

Step 2: Since x denotes the horizontal distance between the current position of the ship A (at the time 

t) and the start point of the ship B, then  𝑑𝑑𝑥𝑥
𝑑𝑑𝑐𝑐

 represents the speed of the ship A.  

It is told the speed of the ship A is 10 knots (mph) and it implies that the distance x decreases 10 miles 

every hour. Therefore, 𝑑𝑑𝑥𝑥
𝑑𝑑𝑐𝑐

= −10 𝑚𝑚𝑚𝑚ℎ. 

 Similarly, y denotes the distance between the B ship position at the time t and its start point. 𝑑𝑑𝑑𝑑
𝑑𝑑𝑐𝑐

 

represents the speed of the ship B. It is told the speed of the ship B is 15 knots (mph) and it implies that 

the distance y increases 15 miles every hour. Therefore,  𝑑𝑑𝑑𝑑
𝑑𝑑𝑐𝑐

= 15 𝑚𝑚𝑚𝑚ℎ. 

Since, it is asked to find the rate of change in the distance z between the ships after 3 hours, we need 

to find 𝑑𝑑𝑑𝑑
𝑑𝑑𝑐𝑐

 when t = 3 h. 

Step 3: Find the value of x and y after 3 hours of sailing.  We will use input values directly in the 
formulas. 

𝑥𝑥 = 𝑑𝑑 − 𝑣𝑣𝐴𝐴 ∙ 𝑡𝑡 = 50 − 10 ∙ 3 = 30 𝑚𝑚𝑠𝑠𝑙𝑙𝑒𝑒𝑐𝑐 

𝑦𝑦 = 𝑣𝑣𝐵𝐵 ∙ 𝑡𝑡 = 15 ∙ 3 = 45 𝑚𝑚𝑠𝑠𝑙𝑙𝑒𝑒𝑐𝑐 

 

Note, z is the hypotenuse of the right triangle with side x and side y from above figure. Thus, 

𝑧𝑧 = �𝑥𝑥2 + 𝑦𝑦2 = √302 + 452 = 54.08 miles. 

 

Step 4: Find the rate of change in the distance z with the respect to time. It will be done by 
determination z′ given that x′ = −35 and y′ = 50 .  

We can again use the Pythagorean Theorem here. First, write it down and differentiate the 
equation using Implicit Differentiation. 

𝑧𝑧2 = 𝑥𝑥2 + 𝑦𝑦2 ⇒ 

2𝑧𝑧𝑧𝑧′ = 2𝑥𝑥𝑥𝑥′ + 2𝑦𝑦𝑦𝑦′ 

𝑧𝑧′ = 2𝑥𝑥𝑥𝑥′+2𝑦𝑦𝑦𝑦′

2𝑧𝑧 = 2∙30∙(−30)+2∙45∙45
2∙54.08 = 20.8 miles 

 

Therefore, after 3 hours the distance between ships is changing with the rate of 20.8 miles per 
hour. 

 

Reminder: 

𝑐𝑐2 = 𝑎𝑎2 + 𝑏𝑏2 

Reminder: 
The formula for distance d, 
speed v and time t: 
𝑣𝑣 = 𝑑𝑑

𝑐𝑐
 𝑜𝑜𝑜𝑜 𝑑𝑑 = 𝑣𝑣 ∙ 𝑡𝑡 or 

 

x, y, and z are all 
changing with time and 
so the equation id 
differentiated using 
Implicit Differentiation. 
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Example 2: 

A ship sails according the law: 

𝑐𝑐 = �1272. 7 ∙ 𝑙𝑙𝑙𝑙
1 + 6 ∙ 𝑒𝑒0.055𝑐𝑐

7
− 50𝑡𝑡�     [𝑚𝑚] 

The start velocity of the ship according this voyage should be determined.  

Solution: 

Let s is the distance travelled by a ship and it is changing with time. So it can be denoted s(t). 

Since velocity v is the instantaneous rate of change of travelled distance with respect to time t 
we need to find the value of the derivative s′(t). 

𝑣𝑣 =
𝑑𝑑𝑐𝑐
𝑑𝑑𝑡𝑡

= 1272. 7 ∙
7

1 + 6 ∙ 𝑒𝑒0.055𝑐𝑐 ∙
6
7
∙ 𝑒𝑒0,055𝑐𝑐 ∙ 0. 055− 50 

𝑣𝑣 =
420

1 + 6 ∙ 𝑒𝑒0.055𝑐𝑐 − 50 

To get the start velocity of the ship it is needed to calculate the s′(t) at 𝑡𝑡 = 0. 

𝑣𝑣0 =
420

1 + 6
− 50 = 10 𝑚𝑚/𝑐𝑐 

 

Example 3: 

A boat is pulled in to a dock by a rope with one end attached to the front of the boat and the 
other end passing through a ring attached to the dock at a point 1 m higher than the front of 
the boat. The rope is being pulled through the ring at the rate of 1 m/sec. How fast is the boat 
approaching the dock when 8 m of rope are out?  

 

Solution: 

Step 1: Draw a picture. 
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The boat is approaching to the dock. This distance is unknown and let x denote that distance. 
It is known that the pulley is 1 meter higher than the front of the boat and let h denote this 
height. It is the constant value. 

y denotes the length of the rope that the boat is pulled. From the figure above it can be noted 
that the angle ∢𝐶𝐶𝐷𝐷𝐶𝐶 is the right angle. 

Since the rope is being pulled at the rate of 1 m/sec, we know that 𝑑𝑑𝑦𝑦𝑑𝑑𝑡𝑡 = −1 𝑚𝑚/𝑐𝑐𝑒𝑒𝑐𝑐. It is the 
negative value because the length of the rope is shorter and shorter by pulling the boat (it is 
shorter for 1 meter per second). 

If the boat is apart 8 m from the dock, it is needed to find how fast the boat is approaching to 
the dock, i.e. the rate of change in the distance d between the boat and the dock per second.  

We need to find  𝑑𝑑𝑥𝑥𝑑𝑑𝑡𝑡 =?𝑚𝑚/𝑐𝑐 when x is 8m. 

 

 

Step 2: From the right triangle CDE we can use the Pythagorean Theorem to write an equation 
relating x and y (h =1m): 

𝑦𝑦2 = 𝑥𝑥2 + 12  

 

Step 3: Differentiating this equation with respect to time and using the fact that the derivative 
of a constant is zero, we arrive at the equation: 

2𝑦𝑦
𝑑𝑑𝑦𝑦
𝑑𝑑𝑡𝑡

= 2𝑥𝑥
𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

+ 0 

 2𝑑𝑑
2𝑥𝑥

𝑑𝑑𝑑𝑑
𝑑𝑑𝑐𝑐

= 2𝑥𝑥
2𝑥𝑥

𝑑𝑑𝑥𝑥
𝑑𝑑𝑐𝑐

 

2 ∙ 8.06𝑚𝑚
2 ∙ 8 𝑚𝑚

∙ (−1 𝑚𝑚/𝑐𝑐) =
𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

 

𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡 = −

8.06
8 𝑚𝑚/𝑐𝑐 = −1.011𝑚𝑚/𝑐𝑐 

 

Example 4: 

The atmospheric pressure P varies with altitude above sea level x in accordance with the law: 

𝑃𝑃(𝑥𝑥) = 𝑃𝑃0 ∙ 𝑒𝑒−0.12104 𝑥𝑥 

where 𝑃𝑃0 is the atmospheric pressure at sea level. If the atmospheric pressure is 1013 millibars 
at sea level, how fast the atmospheric pressure is changing with respect to altitude at an 
altitude of 20 km. 

We can use the Pythagorean theorem 
to determine the lenght y when  x=8 m, 
and the height is 1 m . Solving the 
equation: 

𝑦𝑦2 = 𝑥𝑥2 + ℎ2  

𝑦𝑦 = �𝑥𝑥2 + ℎ2  

𝑦𝑦 = √82 + 12 = √65 ≈ 8.06 m 

Reminder 
If h is a constant 
then     𝑑𝑑ℎ

𝑑𝑑𝑐𝑐
= 0. 

 

Note that both x and y 
are functions of time, 
and the height h is the 

constant. 
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Solution: 

The rate of pressure change is derivation of the function  𝑃𝑃(𝑥𝑥) with respect to the altitude x. 
Thus, 

𝑃𝑃′(𝑥𝑥) = 1013 ∙ (𝑒𝑒−0.12104 𝑥𝑥)′ = 1013 ∙ (−0.12104) ∙ (𝑒𝑒−0.12104 𝑥𝑥) = −122.61 ∙ (𝑒𝑒−0.12104 𝑥𝑥)  

𝑃𝑃′(20) = −122.61 ∙ (𝑒𝑒−0.12104 ∙20) = 10.8939  milibars per km 

 

Example 5: 

The output signal of an ideal operational amplifier in a derivative connection should be 
analytically determine. Graphically compare the input and output signal if the following values 
are known. 

𝑈𝑈𝑢𝑢𝑙𝑙(𝑡𝑡) = 10 sin(2𝜋𝜋 ∙ 3000𝑡𝑡) 

𝑅𝑅1 = 5𝑘𝑘Ω 

𝐶𝐶1 = 10𝑙𝑙𝑛𝑛 

 

 

Solution: 

The equation for output signal is: 

𝑈𝑈𝑠𝑠𝑧𝑧𝑙𝑙 = −𝑅𝑅1 ∙ 𝐶𝐶1 ∙
𝑑𝑑𝑈𝑈𝑢𝑢𝑙𝑙
𝑑𝑑𝑡𝑡  

𝑈𝑈𝑠𝑠𝑧𝑧𝑙𝑙 = −5 ∙ 103 ∙ 10 ∙ 10−9 ∙ 10 ∙
𝑑𝑑[sin(2𝜋𝜋 ∙ 3000𝑡𝑡)]

𝑑𝑑𝑡𝑡  

𝑈𝑈𝑠𝑠𝑧𝑧𝑙𝑙 = −9.42 ∙ cos (2𝜋𝜋 ∙ 3000𝑡𝑡) 

 



Innovative Approach in Mathematical Education for Maritime Students 
2019-1-HR01-KA203-061000 

 
 

100 
 

 
 

Example 6: 

The law of rotational motion of the steam turbine during putting in operation should be 
determined. It is known that the increasing of angular velocity is proportional to third power of 
time and in the moment t= 3 𝑐𝑐 the velocity of rotation of the turbine's rotor is 𝑙𝑙 = 810 𝑚𝑚𝑠𝑠𝑙𝑙−1. 

 
Solution: 

 
From described problem, the law of rotation motion is proportioned third potential of time and 
can be expressed as: 
 

𝜑𝜑 = 𝑘𝑘 ∙ 𝑡𝑡3. 
 
It can be said that the angular velocity is equal to change in angle over a change in time. So if 
we want to express it in calculus sense it would be the derivative the angle with respect to time: 
 

𝜔𝜔 =
𝑑𝑑𝜑𝜑
𝑑𝑑𝑡𝑡

= 3 ∙  𝑘𝑘 ∙ 𝑡𝑡2. 
  

Known values can help us to get the proportionality constant k from previous equation. 
 

𝑘𝑘 =
𝜔𝜔

3 ∙ 𝑡𝑡2
=

𝜋𝜋 ∙ 𝑙𝑙
3 ∙ 30 ∙ 𝑡𝑡2

 

 

𝑘𝑘 =
𝜋𝜋 ∙ 810

3 ∙ 30 ∙ 9
= 𝜋𝜋. 

  
The law of rotation motion of a steam turbine is: 

𝜑𝜑 = 𝜋𝜋 ∙ 𝑡𝑡3. 
 

The angular velocity and angular acceleration are as follows:  
 

𝜔𝜔 = 3 ∙ 𝜋𝜋 ∙ 𝑡𝑡2 

𝜀𝜀 = 6 ∙ 𝜋𝜋 ∙ 𝑡𝑡. 
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Example 7: 

The bending of the steel truss is given by the equation 𝑓𝑓(𝑥𝑥) = 10−4(𝑥𝑥5 − 25𝑥𝑥2), where x 
denotes the distance from the girder. Calculate the second derivative (change in the direction 
coefficient of the tangent) for x = 3. 

Solution: 

 

 

𝑦𝑦′ =
𝑑𝑑𝑦𝑦
𝑑𝑑𝑥𝑥 =

𝑑𝑑(10−4𝑥𝑥5)
𝑑𝑑𝑥𝑥 −

𝑑𝑑�10−425𝑥𝑥2�
𝑑𝑑𝑥𝑥 = 10−4(5𝑥𝑥4 − 50𝑥𝑥) 

𝑦𝑦′′ = 10−4�20𝑥𝑥3 − 50� 

𝑦𝑦′′𝑥𝑥=3 = 0.049 �
1
𝑚𝑚� 
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6.9.2 Optimization problem (minimum, maximum) 
 

Many important applied problems in maritime affairs involve finding the maximum or minimum value 
of some function like as the minimum time to rich the distance by a ship, the maximum profit, the 
minimum cost for doing a task, the maximum power and so on. Many of these problems can be solved 
by finding the appropriate function and then using techniques of calculus to find the maximum or the 
minimum value required. 

 

 

Example 8: 

Two fishing boats sail in the same plane, in the direction, at the same speed, in knots. The sailing 
directions close an angle of 120°. At one point one of these boats is at the intersection of their 
directions, while the other boat is at p knots away from the intersection. Find the time when 
the distance between the boats will be the shortest and what it will be. 

Solution: 

 

𝑐𝑐 = 𝑣𝑣𝑡𝑡 ⇒     𝑐𝑐1 = 𝑣𝑣𝑡𝑡, 𝑐𝑐2 = 𝑚𝑚 − 𝑣𝑣𝑡𝑡 

𝑑𝑑2 = 𝑐𝑐1
2 + 𝑐𝑐2

2 − 2 𝑐𝑐1𝑐𝑐2cos(60°) =  𝑣𝑣2𝑡𝑡2 + �𝑚𝑚2 − 2𝑚𝑚𝑣𝑣𝑡𝑡 + 𝑣𝑣2𝑡𝑡2�  − 2𝑣𝑣𝑡𝑡(𝑚𝑚 − 𝑣𝑣𝑡𝑡) ∙
1
2 

Guide to solve the problem:  max (min) of y(x) 

a. Determine stationary point: 𝑑𝑑𝑑𝑑
𝑑𝑑𝑥𝑥

= 0 

Find the value of x . 

b. Find the value of y , when x = ? 

c. Determine the nature of stationary point,  𝑑𝑑2𝑑𝑑
𝑑𝑑𝑥𝑥2

= 0 
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𝑑𝑑2 = 3 𝑣𝑣2𝑡𝑡2 − 3𝑚𝑚𝑣𝑣𝑡𝑡+ 𝑚𝑚2 

The distance d varies with time t and it is a function of time d(t). To find the shortest distance we 
should solve the equation 𝑑𝑑′(𝑡𝑡) = 0. 

First we have to find 𝑑𝑑′(𝑡𝑡). 

𝑑𝑑′(𝑡𝑡) = ��3 𝑣𝑣2𝑡𝑡2 − 3𝑚𝑚𝑣𝑣𝑡𝑡 + 𝑚𝑚2� ′ =
3 𝑣𝑣2(2𝑡𝑡) − 3𝑚𝑚𝑣𝑣 ∙ 1 + 0
2�3 𝑣𝑣2𝑡𝑡2 − 3𝑚𝑚𝑣𝑣𝑡𝑡 + 𝑚𝑚2

=
3(2 𝑣𝑣2𝑡𝑡 − 𝑚𝑚𝑣𝑣)

2�3 𝑣𝑣2𝑡𝑡2 − 3𝑚𝑚𝑣𝑣𝑡𝑡 + 𝑚𝑚2
 

𝑑𝑑′(𝑡𝑡) = 0 if   2 𝑣𝑣2𝑡𝑡 − 𝑚𝑚𝑣𝑣 = 0  ⇒   𝑡𝑡 = 𝑝𝑝
2𝑣𝑣

 

Answer: The shortest distance between boats will be at the time  𝑡𝑡 = 𝑝𝑝
2𝑣𝑣

. 

The length of the shortest distance will be as follows. 

𝑑𝑑 = �3 𝑣𝑣2𝑡𝑡2 − 3𝑚𝑚𝑣𝑣𝑡𝑡 + 𝑚𝑚2 = �3 𝑣𝑣2
𝑚𝑚2

4𝑣𝑣2
− 3𝑚𝑚𝑣𝑣

𝑚𝑚
2𝑣𝑣

+ 𝑚𝑚2 = �3𝑚𝑚2

4
−

3𝑚𝑚2

2
+ 𝑚𝑚2 = �𝑚𝑚

2

4
 

𝑑𝑑 =
𝑚𝑚
2

 

Example 9: 

A man is in a boat at 6 miles offshore, at the point S, and wants to get to a town Q on the shore. 
Point S is d1 = 6 miles away from the closest point P on the shore, point Q is at the distance d 
=10 miles down the shore from P. 

If the man rows with a speed of vr = 3 miles per hour and walks with a speed of vw = 4 miles per 
hour at what point R should he land his boat in order to get from point S to point Q in the 
shortest possible time? 

Solution: 

Step 1: Draw a picture introducing the variables. 
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Step 2: 

Let is note x the distance down the shore where the boat is landed. On the figure x is the length 
of 𝑃𝑃𝑅𝑅����. Then the length 𝑅𝑅𝑇𝑇���� is 𝑑𝑑 − 𝑥𝑥 = 10 − 𝑥𝑥 [𝑚𝑚𝑠𝑠𝑙𝑙𝑒𝑒𝑐𝑐]. 

The question asks us to find the point R which minimizes rowing time. 

𝑡𝑡𝑎𝑎 =
𝑑𝑑𝑎𝑎
𝑣𝑣𝑎𝑎

 

𝑡𝑡𝑎𝑎 =
√36 + 𝑥𝑥2

3
 

Step 3: We have to find the walking time. 

𝑡𝑡𝑤𝑤 =
𝑑𝑑𝑤𝑤
𝑣𝑣𝑤𝑤

 

𝑡𝑡𝑤𝑤 =
10 − 𝑥𝑥

4
 

Step 4:  

Since we want to minimize total time by setting the distance x, we should look for a function 
𝑡𝑡(𝑥𝑥) representing the total time to rich the point Q from the point S when x is the distance 
down the shore where the boat is landed. Total time has to be converted into a function 
minimization problem:  

𝑡𝑡(𝑥𝑥) = 𝑡𝑡𝑎𝑎(𝑥𝑥) + 𝑡𝑡𝑤𝑤(𝑥𝑥) =
√36 + 𝑥𝑥2

3
+

10 − 𝑥𝑥
4

 

Step 5. To solve this minimization problem (find the minimum of t(x)) we should determine the 
first derivative with respect to distance x. 

Using Pythagoras' theorem 
for the right triangle ∆SPR 

𝑑𝑑𝑜𝑜 = �𝑑𝑑1
2 + 𝑥𝑥2

= �62 + 𝑥𝑥2 = �36 + 𝑥𝑥2 

The formula for distance d, 
speed (velocity) and time t 
v = d/t 
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𝑡𝑡′(𝑥𝑥) = 𝑡𝑡𝑎𝑎′(𝑥𝑥) + 𝑡𝑡𝑤𝑤′(𝑥𝑥) =
2 ∙ 𝑥𝑥

3 ∙ 2 ∙ √36 + 𝑥𝑥2
+

(−1)
4

=
𝑥𝑥

3 ∙ √36 + 𝑥𝑥2
−

1
4

 

Setting t′(x)=0 ⇒    

4𝑥𝑥 − 3 ∙ �36 + 𝑥𝑥2

4 ∙ 3 ∙ �36 + 𝑥𝑥2
= 0 

4𝑥𝑥 − 3 ∙ �36 + 𝑥𝑥2 = 0 

4𝑥𝑥 = 3 ∙ √36 + 𝑥𝑥2 /2 

16𝑥𝑥2 = 9 ∙ (36 + 𝑥𝑥2) 

7𝑥𝑥2 = 324 

𝑥𝑥2 =
324

7  

𝑥𝑥 =
18
√7

≈ 6.8 

We get  𝑥𝑥 = 18
√7
≈ 6.8 as the only critical value and calculate 

𝑡𝑡(6.8) =
√36 + 6.82

3
+

10 − 6.8
4

≈ 3.8229 ℎ𝑜𝑜𝑢𝑢𝑜𝑜𝑐𝑐 

Step 6: 

We have to find a local minimum. 

𝑡𝑡′′(𝑥𝑥) = �
𝑥𝑥

3 ∙ √36 + 𝑥𝑥2
−

1
4
�
′

= �
𝑥𝑥

3 ∙ √36 + 𝑥𝑥2
�
′
− �

1
4
�
′

= 

=
3 ∙ √36 + 𝑥𝑥2 − 𝑥𝑥 ∙ 3 ∙ 2𝑥𝑥 ∙ 1

2√36 + 𝑥𝑥2
9 ∙ (36 + 𝑥𝑥2) =

3 ∙ (36 + 𝑥𝑥2) − 3𝑥𝑥2

9 ∙ (36 + 𝑥𝑥2) ∙ √36 + 𝑥𝑥2
 

𝑡𝑡′′(6.8) =
3 ∙ (36 + 6.82) − 3 ∙ 6.82

9 ∙ (36 + 6.82) ∙ √36 + 6.82
> 0 

Since, 𝑡𝑡′′(6.8) > 0, there must be a local minimum at  x=6.8 , and since this is the only critical 
value it must be a global minimum as well.  

Example 10: 

A rectangular storage container for bulk cargo with an open top, a square base and a volume 
of  5000 𝑚𝑚3  is to be constructed. What should the dimensions of the container be to minimize 
the surface area of the container? What is the minimum surface area?  
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Solution: 

Let the variable x represent the length of each side of the square base; let y represent the 
height of the container and S denotes the surface area of the open-top box. 

 

The surface area of the open-top container is calculated according following formula: 

𝑆𝑆 = 4𝑥𝑥𝑦𝑦 + 𝑥𝑥2. 

Volume of this container is: 

𝑉𝑉 = 𝑥𝑥2𝑦𝑦 = 5000 𝑚𝑚3 

⇒ 𝑦𝑦 =
5000
𝑥𝑥2

 

Therefore, we can write the surface area as a function of x only: 

𝑆𝑆(𝑥𝑥) = 4𝑥𝑥 ∙
5000
𝑥𝑥2

+ 𝑥𝑥2 

𝑆𝑆(𝑥𝑥) =
20 000
𝑥𝑥

+ 𝑥𝑥2, 𝑥𝑥 > 0 

Critical point: 

𝑆𝑆′(𝑥𝑥) = −
20 000
𝑥𝑥2

+ 2𝑥𝑥 = 0 ⇒ 𝑥𝑥3 = 10 000 ⇒ 𝑥𝑥 = 10√103  

⇒ 𝑦𝑦 =
1
2 √

1003  

𝑆𝑆′′(𝑥𝑥) = 2 ∙
20 000
𝑥𝑥3

+ 2 

𝑆𝑆′′(10√103 ) > 0 

 

Therefore, S(x) has the minimum at the critical point  𝑥𝑥 = 10√103 . It implies that is the 

dimensions of the container should be 𝑥𝑥 = 10√103 ,𝑦𝑦 = 1
2 √1003 . 
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𝑆𝑆(𝑥𝑥) =
20 000
𝑥𝑥

+ 𝑥𝑥2 =
20 000
10√103 + �10√103 �

2
= 300�1023  

 

Example 11: 

Owners of a boat rental company have determined that if they charge customers p euros per 
day to rent a boat, where (50 ≤ 𝑚𝑚 ≤ 200), then the number of boats  n  they rent per day can 
be modelled by the linear function  𝑙𝑙(𝑚𝑚) = 1000 − 5𝑚𝑚. If they charge €50 per day or less, they 
will rent all their boats. If they charge €200 per day or more, they will not rent any boats. 
Assuming the owners plan to charge customers between €50 per day and €200 per day to rent 
a boat, how much should they charge to maximize their revenue? 

Solution: 
 

From described problem, p denotes the price charged per boat per day, n the number of rented 
boats per day and R revenue per day. We have to find the maximum revenue R. 

The revenue per day is determined with the number of boats rented per day times the price 
charged per boat per day. Thus,  

𝑅𝑅 = 𝑙𝑙 ∙ 𝑚𝑚 = (1000 − 5𝑚𝑚) ∙ 𝑚𝑚 = −5𝑚𝑚2 + 1000𝑚𝑚 

According with the constraint that owners plan to charge between 50 and 200 euro per boat 
per day, the problem is to find the maximum revenue 𝑅𝑅(𝑚𝑚) (it must be satisfied 𝑚𝑚 ∈ [50, 200]). 

R is a continuous function over the closed, bounded interval [50, 200] and it has an absolute 
maximum in that interval.  

𝑅𝑅′(𝑚𝑚) = −10𝑚𝑚 + 1000 = 0 ⇒ 𝑚𝑚 = 100 

𝑅𝑅(100) = 50 000 

𝑚𝑚 = 50 ⇒ 𝑅𝑅(50) = 37 500 

𝑚𝑚 = 200 ⇒ 𝑅𝑅(200) = 0 

The maximum revenue is reached for 𝑚𝑚 = 100. 

As conclusion: owners should charge 100 euro per boat per day to maximize their revenue. 

 

Example 12: 

The cargo G lowers according the law; 𝑥𝑥 = 80 ∙ 𝑡𝑡2,5, where  𝑥𝑥[𝑚𝑚] i 𝑡𝑡[𝑐𝑐]. By lowering the cargo, 
the drum on which the rope holding the load G is wound is rotated. The angular velocity and 
angular acceleration of the drum must be determined. 
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Solution: 

The translational motion of the load brings the drum into rotational motion. With this 
movement, the speed of lowering the load is equal to the circumferential speed of rotational 
movement. 

The speed of lowering the cargo is  

𝑣𝑣 =
𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

=
𝑑𝑑(80 ∙ 𝑡𝑡2,5)

𝑑𝑑𝑡𝑡
= 200 ∙ 𝑡𝑡1,5  �

𝑚𝑚
𝑐𝑐
� 

The angular velocity of the drum is obtained using the circumferential speed: 

𝑣𝑣 = 𝑅𝑅 ∙  𝜔𝜔, 𝜔𝜔 = 𝑣𝑣
𝑅𝑅

= 200∙𝑐𝑐1,5

𝑅𝑅
 

𝜔𝜔 = 1000 ∙ 𝑡𝑡1,5 [𝑐𝑐−1] 

The angular acceleration of the drum is  

𝜀𝜀 =
𝑑𝑑𝜔𝜔
𝑑𝑑𝑡𝑡

=
𝑑𝑑(1000 ∙ 𝑡𝑡1,5)

𝑑𝑑𝑡𝑡
= 1500 ∙ 𝑡𝑡0,5   [𝑐𝑐−2] 
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