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8.3 SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS

In this section we shortly consider basic concepts for second-order differential equations. The
second-order linear differential equations with constant coefficients and two solving methods will be
considered in detail, i.e. the method of variation of constants and the method of undetermined
coefficients.

8.3.1 Basic concepts for second-order differential equations. Second-order linear

differential equations.
A second-order differential equation can be written in the general (implicit) form

Fxy,y,y") =0
or in the explicit form
y' =fxyy")

where y=y(x) is an unknown function.

The general solution of a second-order differential equation involves two arbitrary constants C; and
C,. It can be written in the explicit formy = @(x, C1, C;) or the implicit form ®(x,y, C4,C;) = 0.

Example 8.12

Consider the simplest second-order differential equation
y'" = 6x

The unknown function y(x) is found by integrating both sides of the equation two times with
respect to x:

y' =f6xdx =3x%+(C,

y = f(?)xz +Cdx =x3+C;x+ C,

where Cj, C, are arbitrary integration constants.
The general solution of the given equation is:

y=x3+Cx+C,

In order to find only one particular solution of a second-order differential equation, two additional
conditions are necessary. These additional conditions can be given as

1) Initial value conditions, when the functions’ y(x) and y’(x) values are prescribed at defined x, value
of x:
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y(Xo) = Yo and y'(x¢) = y1

2) Boundary conditions, when the function’s y(x) values are prescribed at different x; and X, values of
X.

y(x1) =y1 and y(x3) =y,

Example 8.13

Let us consider the differential equation from Example 8.12 as an initial value problem
y" =6x and y(0)=1,y'(0) =2
The general solution of the differential equation from Example 8.11 is
y =x3+ C;x + C,.
In order to find the corresponding C; and C, values, we do the following:
1) Substitutex = 0 andy =1 (i.e., the initial condition for y) into the general solution:
1=0%3+C0+C,

2) Find a y’(x) derivative of the general solution y (x) and substitute x =0 and y' = 2 into
obtained expression:

y' =3x%+(C,
2=3-02+C
As a result, we find constants corresponding to the initial conditions:
Ci=2 and C, =1

The solution of the initial value problem is found by substituting obtained C; and C, values into
the general solution, and the particular solution that satisfies the given initial condition is:

y=x3+2x+1

In the following chapter we will consider second-order linear differential equations with constant

coefficients.

Definition: Second-order linear differential equations
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A second-order differential equation is called a /inear differential equation, if it can be written
in the form

a1(X)y" +a,(¥y’ +az; Xy = f(x)

where a;(x), a,(x) andaz(x) are continuous functions and a;(x) # 0.

Definition: Homogeneous and Nonhomogeneous linear differential equations

1) If the function f(x) on the left-hand side of a linear equation is not equal to zero (f(x) # 0),
then the differential equation is called a nonhomogeneous linear equation:

a1(y" +a,(y’ +a; Ny = f(x)

2) If the function f(x) on the left-hand side of a linear equation is equal to zero (f(x) = 0),
then the differential equation is called a homogeneous linear equation:

a;(¥)y" +a,(¥y’ +az;(x)y = 0

Definition: Second-order linear differential equations with constant coefficients

A second-order linear differential equation is called a /inear differential equation with constant
coefficients if coefficients before y”’, y' and y are constants

a;y" +azy’ +agy =0

where a; ,a, and aj are constants and a; # 0.

8.3.2 Second-order linear Homogeneous differential equations with constant

coefficients
Consider a second-order linear homogeneous differential equation with constant coefficients:

a,y" +ayy +azy=0
where a; , a, and az are some constant coefficients and a; # 0.
Solution method:

For each of the linear homogeneous differential equation with constant coefficients can be
written the, so-called, characteristic (also called auxiliary) equation:

a1k2 + azk‘l‘ dz = 0

The general solution of the homogeneous differential equation depends on the roots of the
characteristic quadratic equation. There exist three cases, as follows:
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1. The discriminant of the characteristic quadratic equation D > 0.

In this case, the roots of the characteristic equations are real and distinct k, + k, , and
the general solution of the homogeneous differential equation in this case has the form:

y = Cleklx + CzekZX
where C; and C, are arbitrary real numbers.

2. The discriminant of the characteristic equation D = 0.

In this case, the roots are real and equal k; = k, = k (repeated), and the general solution of
the differential equation has the form:

y = CeX¥ + Cxe!™®  or y=(C; + Cyx)ekX
3. The discriminant of the characteristic equation.D < 0.

In this case, the roots are complex and conjugate, k; = a + i and k, =a—if (i=v-1)
and the general solution is written as

y = Cie®¥cosfx + C,esinfx

Example 8.14

Let us consider the following linear differential equation with constant coefficients:
y'+3y' =10y =0
The corresponding characteristic (auxiliary) equation is
k? +3k—10=0
The discriminant of this equation D = 49 > 0; therefore, the roots are real and distinct:
k; =2 and k, =-5
Then the general solution of the differential equation is
y = Ce?* + Ce 5%

Example 8.15

Consider the equation:
y'—4y' +4y =0
Its characteristic (auxiliary) equation is
k?—4k+4=0
The discriminant of the quadratic equation D = 0, and the roots are real and repeated:
ki =k, =2

The general solution of the differential equation is
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y = Cie* + C,xe®

Example 8.16

Consider the equation:
y'+2y"+10y =0
Its characteristic (auxiliary) equation is:
k?+2k+10=0

The discriminant of the quadratic equation D = —36 < 0, and the roots complex and
conjugate:

ki =—1+3i and k,=-1-3i
The general solution of the differential equation is
y = C;e 1¥cos3x + C,e 1 *sin3x
8.3.3 Second-order linear Nonhomogeneous differential equations with
constant coefficients
A nonhomogeneous linear differential equation with constant coefficient has the form
a;y" +ayy’ +agy = f(x)
where a; ,a, and ag are arbitrary constants and a; # 0.

For each nonhomogeneous linear differential equation its related homogeneous differential equation
can be written as

a;y" +a,y +azy=0

1.1.1.1 Theorem.

A general solution of a nonhomogeneous equation is the sum of the general solution y.(X) of the
related homogeneous equation and a particular solution Y (x) of the nonhomogeneous equation:

y=y.X +Y®)

There exist two general approaches to find a particular solution Y (x) of a nonhomogeneous
differential equation. These are the Method of Undetermined Coefficients, and the Method of
Variation of Constants.
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1.1.1.2 Method of Variation of Constants

The Lagrangian constant variation method can be used for any type of function f(x) on the right-hand
side of the nonhomogeneous linear differential equation.

Steps of solving:
1) First, solve an associated homogeneous equation
a,y" +ayy +azy=0

and find the general solution y.(x) of this equation. The general solution of the homogeneous
equation contains two constants C; and C, and can be written in the form

Ve=Ciy1+Cay,
where C; , C, are constants and functions y4,y, depend on the roots of the characteristic equation.

2) Replace the constants C; and C, with arbitrary (still unknown) functions C; (x) and C,(x) and find
the general solution of the given nonhomaogenous equation in the form

y=C0& 'y +CX y,

3) Taking into account that y = C;(X)y; + C,(X)y, satisfies the given nonhomogeneous equation
with the right-hand side f(x), it can be shown that the unknown functions C; (x) and C,(x) can be
determined from the system of two equations:

Ci1x) 'y +Cx 'y, =0

! ! ! ! f(X)
C1(X)'Y1+C2(X)'Y2=_a
1

4) Find C;'(x) and C,'(x) from the system.
5) By integration find C;(x) = [ C;'(x)dx and C,(x) = [ C,'(x)dx

6) Substitute the obtained functions C; (x) and C,(xX) into the form of the general solution.

Example 8.17

Solve the equation:

y 49y = cos3x
We solve an associated homogeneous equation
y'+9y=0
Its characteristic (auxiliary) equation is
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k2+9=0 => k?=-9
The roots are complex and conjugate:
k, =v—=9=3i=0+43i and k, = —V—9=-3i=0-3i
The general solution of the associated homogeneous differential equation is
ye = C;e%%cos3x + C,e%*sin3x
or
ye = Cicos3x + C,sin3x
where C; and C, are arbitrary constants.
2) We replace the constants C; and C, with the arbitrary (still unknown) functions C, (x) and
C,(x) and find the general solution of the given nonhomogeneous differential equation in the
form:
y = C1(x)cos3x + C,(x)sin3x

3) To determine the unknown functions C; (x) and C,(x) , we write a system of equations for
derivatives of the unknown functions

C'1(x) - (cos3x)" + C',(x) - (sin3x)" =

{ C'1(x)-cos3x + C',(x) -sin3x =0

cos3x

The system can be written in the form

{ C'1(x)-cos3x + C',(x) -sin3x =0

1
C' (%) - (—3sin3x) + C',(x) - 3cos3x =
cos3x

4) We will solve the system by using Cramer’s rule, so that we need to find a determinant of
the coefficient matrix:

cos3x sin3x
= 3cos?3x + 3sin?3x = 3

—3sin3x 3cos3x

and the determinants

0 sin3x

B = 1 o sin3x _ 3
s 3cos3x| cos3x —tansx
cos3x
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D. = cos3x (1) _ cos3x 0=1
27 [=3sin3x ———| " cos3x T
cos3x
Then
, D, tan3x , D,
Cl(x)—E—— 3 and CZ(x)_3_§

5) We find unknown functions C; (x) and C,(x) by integrating:

Ci(x)=[C'1(x)dx and C,(x) = [C',(x)dx .

C()‘f( tan3x)d B 1fsin3x e 1fd(c053x) B 11| N,
WX = 3 x= 3 ) cos3x X_9 cos3x —9ncosx 1

1 1 1 ~
Cz(x):fclz(x)dx:fg dx = §f1 dx = §X+CZ

Thus,
1 ~ 1 ~
Ci(x) = 5 In|cos3x| + C; and C,(x) = 3% + C,

where C; and C, are constants.

6) Substitute the obtained functions C; (x) and C,(x) into the form of general solution of the
nonhomogeneous differential equation:

1 . 1 .
y = (6 In|cos3x| + Cl) cos3x + <§x + Cz) sin3x
As the result, the general solution of given nonhomogeneous differential equation is
~ ~ 1 1 .
y = C;cos3x + C,sin3x + 5 In|cos3x| - cos3x + 3%’ sin3x
or
. 1 1
y = C;cos3x + C,sin3x + 5 In|cos3x| - cos3x + 3X° sin3x

where C; and C, are also arbitrary constants.

Note that the sum of the two first terms in the obtained solution is the general solution for
associated homogenous differential equation, and the sum of the last two terms is the
particular solution of the nonhomogeneous differential equation.
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8.3.4 Method of Undetermined Coefficients

Consider second-order nonhomogeneous differential equations with right-hand
functions that has derivatives that vary little (in type of function) from their parent functions.
These functions are: polynomial B,(x) functions, exponential functions e®*, trigonometric
functions (sine and cosine (sinfix , cosfix)), as well as the sum, difference and multiplication of
these functions. In this case we can predict the form of solution of this differential equation
taking into account the form of its right-hand function.

The main idea of the Method of Undetermined Coefficients is to construct the form of
a particular solution Y(x) of the given nonhomogenous equation corresponding to the form
(based on the form) of a function f(x) on the right side of the equation. Y(x) is written down as
a function with undefined coefficients, then is substituted into the equation and the
coefficients are found.

As was mentioned before, this method works only for a restricted class of functions on
the right-hand side of the equation, such as

fx) = Bi(x)e™
f(x) = (Pu(x) cos(Bx) + Q@ (x) sin(Bx)) - e
where PB,(x) and Q,,(x) are polynomials of degrees n and m, respectively.

In both cases a choice for the particular solution should match the structure of the right-
hand side function of the nonhomogeneous equation. It depends on the right side of the
equation as well as on the roots of the characteristic equation.

Let us consider in detail how to construct the form of a particular solution Y(x) of a given
nonhomogenous equation.

Consider three cases for a function on the right-hand side of the equation:
1) f(x) =hx)e™ (B =0)

The particular solution has the same form as f(x), only instead of polynomial B,(x) we write
polynomial with undefined coefficients. Furthermore, if the coefficient a in the argument of
the exponential function coincides with a root of the auxiliary (characteristic) equation, the
particular solution will contain the additional factor x°, where s is the order of the root a in
the characteristic equation.

This means that the particular solution Y is written down in the form
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Y =P, (x)e®™ - x$

where

a) F,:(x) is a polynomial of order n with unknown coefficients, i.e.
if n=0, then Py(x) = A;

if n=1,then  P;(x) = Ax + B;

ifn=2,then  P,(x) = Ax?> + Bx + C;

and so on.

b) To find the power s of factor x5 ,we compare the coefficient a in the power of the exponential
function with the roots k;and k, of the auxiliary equation:

if a #k; and a # k, then s=0;
ifa=ky and a#k, OR a+#k; and a =k, then s =1;

if a =k; =k, then s=2;

2) f(x) = e®™(N cos(Bx) + Msin(Bx)), where N, M are constants
f(x) = e™N cos(Bx) & fx) =e**(Ncos(Bx)+ 0-sin(Bx)) (M=0)
f(x) = e*™M sin(fx) ~ f(x) =e*(0-cos(Bx) + M - sin(Bx)) (N=0)

The particular solution has the same form as f(x) only instead of constants N and M we write
unknown coefficients. Furthermore, if the number a + Si coincides with a root of the auxiliary
(characteristic) equation, the particular solution will contain the additional multiplier x*, where
s is the order of the root a + fi in the characteristic equation.

This means that the particular solution Yis written down in the form
Y = e*(Acos(Bx) + Bsin(fx)) - x°

where A and B are unknown coefficients.

To find the power s of multiplier x5, we compare the number @ + i with the roots k;and k, of the
auxiliary equation:

if a+if #ky and a+iff #k, then s=0;
if a+if =ky ora+iff =k, then s =1.

3) f(x) = e (By(x) cos(Bx) + Qm (x) sin(Bx))
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f(x) = e By (x) cos(Bx) & f(x) = e (P, (x) cos(Bx) + 0 - sin(Bx))

f(x) = e**Qu(x)sin(Bx) f(x) = e® (0 cos(Bx) + Qn(x) - sin(Bx))
where B, (x) and Q,,,(x) are polynomials of order n and m respectively.
In these cases the particular solution is found in the form
Y= e“"(f’;(x) cos(Bx) + Qr(x) sin(ﬁx)) xS
where Py (x) and Qi (x) are polynomials of order k with unknown coefficients and k = max (n, m).

To find the power s of multiplier x*, we compare the number a + i with the roots k;and k, of the
auxiliary equation:

if a+if #ky and a+iff #k, then s=0;
ifa+if =k ora+iff =k, then s = 1.

The unknown coefficients are determined by substitution of the expected type of the particular
solution into the original nonhomogeneous differential equation.

Scheme of solving:

1) Solve the corresponding homogeneous differential equation a;y"" +a,y’ +azy = 0;

2) By the form of function f(x) on the right-hand side of the equation, write down the form of a
particular solution Y with undefined coefficients;

3) Find Y and Y”;

4) Determine the undefined coefficients A, B, C by substitution of the particular solution Y and
its derivatives into the given original nonhomogeneous differential equation.

5) Substitute obtained coefficients into the form of the particular solution Y.
6) Write down the general solution of the given nonhomogeneous differential equation as

y=y.X+YX)

where y.(x) is the general solution of the related homogeneous equation, and Y(x) is a
particular solution of the given nonhomogeneous equation.

Example 8.18

Let us solve the equation:
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y"' =2y =x2+5x—1
1) First, we solve the associated homogeneous equation:
y'—=2y"'=0
The auxiliary equation for this equation is:
k?—=2k=0 => k-(k—2)=0
The roots of the auxiliary equation are real and distinct:
k; =0 and k, =2
Therefore, the general solution of the associated homogeneous differential equation is
ye = C,e%% + C,e%X
or
ye = C; + Ce?*
where C; and C, are constants.

2) We write down the form for the particular solution Y, taking into account form of function
f(x) =x?+5x —1 on the right-hand side of the equation.

The function f(x) can be written in the form: f(x) = (x? + 5x — 1) - e*.

In this case the particular solution Y has the form: ¥ = B,(x)e®* - x%.

a) The function f(x) has a polynomial with degree 2 before the exponential function (n=2),
therefore the polynomial P,(x) must also be a polynomial with degree 2, but with undefined
coefficients: P,(x) = Ax?> + Bx + C

b) The coefficient in the argument of the exponential function is @=0. It coincides with one root
of the auxiliary (characteristic) equation: « = k; = 0, therefore s =1 and the particular
solution will contain the additional factor x* .

Thus, the particular solution of the differential equation Y has the form:
Y =(Ax* +Bx + () e’*-x' = (Ax* + Bx + C) - x

or
Y = Ax® + Bx? + Cx

3) We find first- and second-order derivatives for Y:
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Y' = (Ax3 + Bx? + Cx)' = 34x? + 2Bx + C

Y = (3Ax%> + 2Bx + C)' = 6Ax + 2B
4) We substitute them into the given nonhomogeneous differential equation:
y" =2y =x%+5x— 1.

As a result, we have:

6Ax + 2B — 2(3Ax*> + 2Bx +C) = x? +5x — 1
We simplify the left-hand expression:

—6Ax? + 6Ax —4Bx +2B —2C =x*+5x—1
We group coefficients with the same powers of x on the left-hand side of the equation:

—6Ax*>+ (6A—4B)x+ 2B —2C =1-x*+5x+ (-1)

The right and left sides of the equation are equal for every x € R. It would be possible only if
the coefficients at the same powers of x on the right and left sides of the equation are equal:

The coefficients at x?: —6A =1;
The coefficientsat x: 64 —4B =5;

The coefficients at x%: 2B —2C = —1.

—-6A=1
Solve the obtained system of equations: 6A—4B =5
2B —2C =-1
From the first equation of the system we have: A = — %.

From the second equation: 64 —4B =5 = 6 (— %) —4B=5=> —4B =6

B=-=
2

From the third equation: 2B — 2C = -1 > 2- (— %) —20=-1 9 -2=2
C=—1

Substitute the obtained coefficients into the form of the particular solution Y:
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As a result, the general solution of the given nonhomogeneous equation is :

1 3
y=y.+Y=C; +Cre* —gx3+5x2+2x

Example 8.19

Solve the equation:
y'+y' =2y = xe?*
1) The associated homogeneous equation is
y'+y' —=2y=0
Its auxiliary equation is
k*+k—-2=0
The roots for this equation are real and distinct:
k; =1 and k, =-2
Therefore, the general solution of the associated homogeneous differential equation is
Ve = Ciel™X + Cye™2%
where C; and C, are constants.

2) We construct the form of a particular solution Y by taking into account the form of the
function on the right-hand side of the equation (x) = xe?* .

For such function (x) , the particular solution Y has the form: Y = P, (x)e®* - x5.

a) The function f(x) has a polynomial with degree 1 before the exponential function (n=1),
therefore the polynomial with undefined coefficients P,(x) must also be a polynomial with
degree 1: P;(x) = Ax+B.

b) The coefficient in the power of the exponential function is @ = 2. It does not coincide with
any root of the auxiliary (characteristic) equation: a # ky and a # k,, therefore, s =0
and the particular solution does not contain an additional factor.

Thus, a particular solution Y of the differential equation Y has the form
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Y =(Ax+ B)-e?*-x% = (Ax + B) - e?*

3) We find first- and second-order derivatives for Y:
Y’ = ((Ax + B)e**) = (Ax + B)' - 2 + (Ax + B) - (e2¥)' = Ae® + (Ax + B) - 2¢**
It can be also written as Y’ = (24x + 2B + A)e?*.
Y" = ((24x + 2B + A)e?*) = (2Ax + 2B + A)' - e** + (2Ax + 2B + A) - (e¥)' =
= 2Ae?* + (24x + 2B + A) - 2e?* = (4Ax + 4B + 4A) - e**
So, Y" = (4Ax + 4B + 4A) - e?*.
4) Substitute the obtained Y”, Y and Y into the given nonhomogeneous differential equation:
y"' +y' =2y =xe*.
As a result, we have:
(4Ax + 4B + 44) - e®* + (2Ax + 2B + A)e?* — 2(Ax + B) - e%* = xe?*
We simplify the expression:
(4Ax + 4B + 4A + 2Ax + 2B + A — 2Ax — 2B) - e?* = xe?*
4Ax +4B +5A =x
or 4Ax +4B + 54 = 1x + 0.

The right and left sides of the equation are equal for every Vx € R. That would only be possible
if the coefficients at the same powers of x on the right-hand side and left-hand side of the
equation are equal.

The coefficientsat x: 44 =1;

The coefficients at x°: 4B + 54 = 0.

44 =1

That leads us to solving the system: {43 LEA=0

, : 1
It follows from the first equation of the system: A = "

5

It follows from the second equation: 4B + 5-%= 0 = 4B = —% 2 B= —7

We substitute the obtained coefficients into the form of the particular solution Y:
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1 5
— . p2X — . 52X
Y=(Ax+B)-e <4x 16) e

As a result, the general solution of the given nonhomogeneous equation is

1 5
Yy=VY¥c +Y= Clex +Cze_zx+ <Zx —E) - e2x

Example 8.20

Solve the equation
y" +y = 3cosx + 2sinx.
1) The associated homogeneous equation is
y'+y=0
Its auxiliary equation is
k24+1=0 = k*=-1 2> k?=1V-1 =4i

The roots of the auxiliary equation are complex and conjugated:

ki=i=0+1'i and k, ==i=0—-1"1
Therefore, the general solution of the associated homogeneous differential equation is

ye = C1e%%cos(1 - x) + C,e%%sin(1 - x)

ye = Cicosx + C,sinx

2) The function on the right-hand side of the equation is f(x) = 3cosx + 2sinx .

The function f(x) can be written as f(x) = eox(Bcos(l -x) + 2sin(1- x)).
For such function f(x), the particular solution Y has the form:
7 = e“x(Acos(ﬂx) + Bsin(,[i’x)) - x5,

The power of the exponential function in function f(x) is @ =0 and the coefficient before x in
the argument of cosine and sine is § = 1.

The numbera +iff = 0+ 1-i =i coincides with one root of the auxiliary (characteristic)

equation: @ + iff = k, , therefore, s = 1 and the particular solution contains the factor x®.

Thus, the particular solution Y of the differential equation Y has the form:
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Y = e%*(Acosx + Bsinx) - x = (Acosx + Bsinx) - x

3) We find first and second-order derivatives for Y:
7 = ((Acosx + Bsinx) - x)’ = (Acosx + Bsinx)’ - x + (Acosx + Bsinx) - (x)'=
= (—Asinx + Bcosx) - x + (Acosx + Bsinx)
Y" = ((—Asinx + Bcosx) - x + (Acosx + Bsinx))’ =
= (—Asinx + Bcosx)' - x + (—Asinx + Bcosx) - X' + (Acosx + Bsinx)' =
= (—Acosx — Bsinx) - x + (—Asinx + Bcosx) — Asinx + Bcosx =
= (—Acosx — Bsinx) - x — 2Asinx + 2Bcosx
4) We substitute Y” and Y into the given nonhomogeneous differential equation:
As a result, we have:
(—Acosx — Bsinx) - x — 2Asinx + 2Bcosx + (Acosx + Bsinx) - x = 3cosx + 2sinx
We simplify the obtained expression:
—2Asinx + 2Bcosx = 3cosx + 2sinx

The right and left sides of the equation are equal for every x € R. It would be possible only if
the coefficients at sinx and cosx on the right-hand side and left-hand side of the equation
are equal:

3

The coefficients at cosx: 2B =3 = B = >

The coefficients at sinx: — 24 =2 —> A=-1

We substitute the obtained coefficients into the form of a particular solution Y:
3
Y = (—1-cosx+§-smx)-x
As a result, the general solution of the given nonhomogeneous equation is:

3
y =y +Y = Cicosx + C,sinx + (—cosx + Esinx) "X
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Superposition Principle
If the right side of a nonhomogeneous equation is the sum of several functions such as
f(x) = Ph(x)e™ and f(x) = (Py(x) cos(Bx) + Qum(x) sin(Bx)) - e,

then a particular solution of the differential equation is also the sum of particular solutions
constructed separately for each such function on the right-hand side expression.

Example 8.21

Find a general solution of the differential equation:
y" —=2y"+y =e*+ 5cos3x.
1) The associated homogeneous equation:

y'=2y"+y=0

I
o

The auxiliary equation for this equationis  k? — 2k + 1
The roots of this equation are real and repeated: ki =k, =1
Therefore, the general solution of the associated homogeneous differential equation is

ye = Cie¥ + Cyxe*
2) We see that the right-hand side of the given equation is the sum of two functions f;(x) =
e* and f,(x) = 5cos3x. According to the superposition principle, a particular solution is a sum
of particular solutions so that it can be expressed

Y=Y,+Y,

where Y; is a particular solution for the differential equation y"" — 2y’ + y = e*

and Y, is a particular solution for the equation y" — 2y’ + y = 5cos3x.

a) First, we determine the function Y;. In this case f1(x) = e* and we will be looking for a
solution in the form

Y, = Ae™* - x°

The power of the exponential function is @ =1 and it coincides with two roots of the auxiliary
(characteristic) equation: a =k, = k,, therefore, s = 2 and the particular solution
Y, contains the factor x2 .
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Thus, the particular solution Y; of the first differential equation has the form
Y, = Ae* - x? = Ax%e*
3) We find first- and second-order derivatives for Y;:
Y, = (Ax%e*) = (Ax?) - e* + (Ax?) - (%) = 24x - e* + (Ax?) - e* = (24x + Ax?) - ¥
Y," = ((24x + Ax?) - ex)’ = (2Ax + Ax?)' - e*+(2Ax + Ax?) - (e¥)'=
= (24 + 2Ax) - e* + (2Ax + Ax?) - e* = (24 + 4Ax + Ax?) - e*
SubstituteY;', ;" and Y; into the corresponding nonhomogeneous differential equation:
y'=2y'ty=e’,

we have

(2A + 4Ax + Ax?) - e* — 2(2Ax + Ax?) - e* + Ax?e* = e*
We simplify the obtained expression:

(24 + 4Ax + Ax? — 4Ax — 2Ax? + Ax?)e* = e*

and get: 2A=1 = A=1/2.

Then

b) We determine the function Y.

Due to the form of the function f,(x) = 5cos3x = e®*(5 - cos3x + 0 - sin3x) , we seek for
a solution in the form

Y, = e®*(C-cos3x + D -sin3x) - x°
The power of the exponential function is @ =0 and the coefficient before x in the argument of
cosine and sine is B = 3. The number a + i = 0 + 3i = 3i does not coincide with any root
of the auxiliary equation, therefore, s = 0.
Y, = C-cos3x + D - sin3x

We find first- and second-order derivatives for Y-:

Y, = (Ccos3x + Dsin3x)’ = —3Csin3x + 3Dcos3x
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Y," = (—3Csin3x + 3Dcos3x)" = —9Ccos3x — 9Dsin3x.

After substituting Y,  , Y,” and Y, into the corresponding nonhomogeneous differential

equation:
y" —2y"+y = 5cos3x,

We have:

—9Ccos3x — 9Dsin3x — 2(—3Csin3x + 3Dcos3x) + Ccos3x + Dsin3x = 5cos3x

(—8C — 6D)cos3x + (—8D + 6C)sin3x = 5cos3x

The coefficients at cos3x: —8C—6D =5

The coefficients at sin3x: —8D+6C=0 — C = %
It follows from the first equation: —8 - (2) —6D=5 = =L -5 op=-_2
3 3 10
and c=22__43__2
3 3-10 5
As a result,
Y, = 2 3 in3
2="% cos3x 10 sin3x

As a result, the general solution of the given nonhomogeneous equation is:
y=Yct+tY=yc+tY1+Y;
Then the general solution of the given differential equation is:

1 2
y = C,e¥ + CyxeX + Exzex — gc033x =" sin3x
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8.3.5 Exercises

Find a general and particular solution of the differential equation:
y'—4y'+13y=0, y(0) =6 y'(0)=1

Solution:

The auxiliary equation for the given differential equation is

k?—4k+13=10

The discriminant of the quadratic equationis D = —36 < 0, therefore, the roots are complex and
conjugated:
4 ++/-36 4 —+/-36
k1=T=2+3-i and k2=T=2—3-i

It means that the general solution of the given differential equation is
y = C;e2%cos(3x) + C,e%*sin(3x)
In order to find the particular solution that satisfies the given initial conditions,
1) We substitute x = 0 andy = 6 (i.e., the initial condition) into the general solution:
6 = C,e%%cos(0) + C,e?%sin(0)
6=C-14+C,-0
Ci=6
2) We find a y’(x) derivative of the general solution y (x).
y' = (e**- (Cycos3x + Czsin3x))' = (e2%)'(C,cos3x + C,sin3x) + e2*(C;cos3x + C,sin3x)’ =
= 2e%*(Cycos3x + C,sin3x) + e2*(—3C;sin3x + 3C,c0s3x) =
= e2%(2C,cos3x + 2C,sin3x —3C;sin3x + 3C,cos3x)
Thus, the derivative of the general solution is
y' = e?*(2C;cos3x + 2C,sin3x —3C;sin3x + 3C,cos3x)

We substitute x = 0 and y’ = 1 from the initial conditions into the obtained expression:

1 =e%9(2C;cos0 + 2C,sin0 —3C;sin0 + 3C,c0s0) = 2C; + 0 — 0 + 3C,

1=2C; +3C,

We substitute C; = 6 into the obtained expression, then

1=12+3C,
11

C, =
2 3
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We substitute the obtained constants into the general solution. As a result, the particular solution of
the given differential equation is

=6 2x _E 2X o}
y = 6e“*cos(3x) 3 e sin(3x)

Solve the equation:
y'+2y" +y=3ex+1
Solution:
We use the Method of Variation of Constants
1) We solve the associated homogeneous equation:
y'+2y'+y=0
Its characteristic (auxiliary) equation is
k?+2k+1=0
k+1%?=0

The roots of this equation are real and repeated

The general solution of the associated homogeneous differential equation is
Vo = Cie7* + Cyxe™
where C; and C, are constants.

2) We replace the constants C; and C, with arbitrary functions C;(x) and C,(x) and find the general
solution of the given nonhomogeneous differential equation in the form

y = Cie ¥+ Cyxe™™

3) To determine the unknown functions C; (x) and C,(x) , we write a system of equations for
derivatives of the unknown functions

C'i(x)-e*+Ch(x) xe ™=
C1() - (€7™) +Co(x) - (xe™) = 3e™*Vx + 1
After finding derivatives, we have
Ci(x)-e*+CHh(x  xe*=0
C'1()+ (me™) + Cp() - (1 e +x(—e™)) = 3e™Vx+ 1

The system can be written in the form
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€1 +Cx) xe™=0

(-C1®+CE - (1-x) e *=3e*x+1
Let us simplify the system to the form
Cix)+CL,xx=0
—C ) +C,E - 1-x) =3Vx+1
It follows from the first equation of the system:
C'1(x) = —CLx) -x
Substituting the obtained C’; (x) into the second equation of the system, it yields:
Co®) x+C,x - (1-x)=3Vx+1
As a result, we obtain C', (x):
C',(x) =3Vx+1
Taking into account the expression for C'; (x), we have
C'1(x) = —CH(x) x=—3xVx + 1

4) We find the unknown functions C; (x) and C, (X) using integration
Cix) = f C'i(x)dx = f —3xVx + 1dx

To find this integral, we use the substitution x + 1 = t2.

Thenx =t? —1 and dx = (t?> — 1)'dt = 2tdt

t5 3
f—3xx/x+ 1dx = —3f(t2 — Dt 2tdt = —6f(t4—t2)dt= _6<§_?>+C1
6
=—§(\/x+1)5+2(\/x+1)3+C1

As a result,

6 5 3
C,x) = —g(x +1)2+4+2(x+1)2+C,

1 3
Cz(x)=fC’2(x)dx=f3\/x+1 dx = 3J(x+ 1)z dx+1)=2(xx+1)2 +C,
As a result,
6 5 3 3
C;x) = —g(x +1)24+2(x+1)2+C; and Cy,(x)= 2(x+1)2 +C,

where C; and C, are constants.

6) We insert the obtained functions C; (x) and C,(X) into the form of the general solution:
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6 5 3 3
y = (—g(x +1)2+2(x+1)2 + Cl) e + (Z(X +1)2 + Cz)xe‘X
Let us simplify the obtained expression:

6 5 3 3
y=e=x (cl FxC, =2 O+ D2+ 200+ D7 + 2xGx+ 1)7) -

6 5 3 6 5 5
= (04 XC, = (x4 D7 +200+ D21 +2)) = 70y +xC, = ¢ (x4 17 +20c+ 1)2

N———

As a result, the general solution of the given nonhomogenous differential equation is:
4 5
y=e*X (Cl + xC, +§(x + 1)2>

Solve the equation

Solution:

For this equation we use the Method of Variation of Constants, since the function on the right-hand
side does not have a special form.

1) The associated homogeneous equation is

y'=2y'=0
The characteristic (auxiliary) equation is

k?—2k=0

k(k—2)=0

The roots of the characteristic (auxiliary) equation are real and distinct:
k; =0 and k, =2
The general solution of the associated homogeneous differential equation is
Ve = C1e%% + Cpe?X
or
Yye=C1 14Cy-e*
where C; and C, are constants.

2) We replace the constants C; and C, with the arbitrary (but still unknown) functions C; (x) and
C,(x) and find the general solution of the given nonhomogeneous differential equation in the form:

y=C1(x) "1+ Cy(x) e

3) To determine the unknown functions C; (x) and C,(x) , we write a system of equations for
derivatives of the unknown functions
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Ci(x)-1+C,x)-eX=0

4e
€100+ (1) +C200 " (™)' = 70—

2x

The system can be written in the form
C1(x)-1+C,(x)-e**=0

4e2X
(0 -0+ C 2reX=——
1(%) 2(X) e 1+ e2x

or
C1(x)-1+C,(x)-e**=0

4e2X
c’ N AT S —
2() € 1+ e2x

4) From the second equation of the system we have:

, 2
=T

From the first equation of the system, it follows that

Z,eZX

C1(0 = —C(0 - €% = ———

5) We find the unknown functions C; (x) and C,(x) using integration
C1(x) = [C'1(x)dx and C,(x) = [C',(x)dx .
2-e%X D = f de™) fd(l +e)

C1(x) =fc’1(x)dxz _J

1+ e2x = 14 e2x 1+ e2¥ = —nll+e™+C
, 2 14 e?* —e* 1+4e* e?x
Cz(x)=fC2(x)dx=fmdx=ZIde=ZIde—ZIde=

2e2X
_ _ 2
_Zfldx—fl_i_eZde—2x—ln|1+e X+ C,

As a result,
Ci(x) =—In|1 +e**|+C; and Cy(x) = 2x—In|1+e?*| +C,
where C; and C, are constants.
6) Insert the obtained functions C; (x) and C,(x) into the form of the general solution:
y=(=In|1+e?*|+Cy) -1+ (2x —In|1 +e?*| +C, )e *¥
As the result, the general solution of the given nonhomogeneous differential equation is:
y =C; + Cre 2 —1In|1 + e®*| + (2x — In|1 + e?*|)e 2¥
It can be also written in the form

y=C; +Cre®+2xe?* —1In|1 +e*|- (1 +e%)

Exercise 8.10.
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Find the general solution of the differential equation:
y" — 9y =x + 2e3X
Solution:
1) The associated homogeneous equation is
y" =9y =0
The auxiliary equation for this equationis k% —9 =0
The roots are real and distinct: k=3, k, =-3
Therefore, the general solution of the associated homogeneous differential equation is
Ve = C1e3%¥ + Cre3X
2) The right-hand side of the given equation is the sum of two functions:
fi(x)=x and f,(x) = 2e73%,
According to the superposition principle, a particular solution is expressed by the formula
Y=Y +Y,
where Y; is a particular solution for the differential equation y"" — 9y = x
and Y, is a particular solution for the equation y”’ — 9y = 2e™3%,
a) First, we determine the function Y;. The function f; (x) can be written as
fix) =x=(x—0)-e%
In this case we will be looking for a solution in the form
Y, = (Ax+ B)e®™* - x5

The coefficient in the argument of the exponential function is a =0. It does not coincide with roots of
the auxiliary (characteristic) equation: k; = 3, k, = =3, therefore s = 0 and the particular
solution Y; does not contain any additional factor.

Thus, the particular solution Y; of the differential equation has the form
Y, = (Ax+ B)e%* -x" = Ax + B
3) We find first- and second-order derivatives for Y; :
Y, =(Ax+B) =A
Y.;"=(@A) =0
We substitute Y;', Y;"" and Y; into the corresponding nonhomogeneous differential equation
y' =9 =x,
As a result, we have:

0—-9(Ax+B) =x
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We simplify the obtained expression:
—-9Ax—9B=1-x
The coefficients at xare —9A =1 = A=-1/9

The coefficients at x°are —9B=0 —> B=20

Then

b) We determine the function Y.
Due to function f,(x) = 2e3* , we will construct the form of the particular solution as
Y, = Ce™3%.x5

The coefficient in the argument of the exponential function is o =-3. It coincides with one root k, =

—3 of the auxiliary equation, therefore s = 1 and the particular solution contains the factor x?.

Thus, the particular solution Y, of the differential equation has the form:
Y, = Ce™3X.x
Find first- and second-order derivatives for Y:
Y," = (Ce™3%¥-x)" = —3Ce™3*x + Ce™3X = ¢73¥(-3Cx + ()
Y," = (e73%- (=3Cx+ C)) = —3e™3*- (—3Cx+ C) + 3% (—=3C) = e™3*- (9Cx — 6C)

After substituting Y,", Y, and Y, into the corresponding nonhomogeneous differential equation
—-3x

y'"' — 9y = 2e77%,

we obtain
e™3%. (9Cx — 6C) — 9Ce 3% - x = 2e™3X
e 3% (9Cx — 6C — 9Cx) = 2e73%
—-6C=2
C=-1/3
As a result,
Y, = —%e_g‘x - X

The general solution of the given nonhomogeneous equation is equal to
Yy=Ye+tY=yct Y1 +Y;
Therefore, the general solution of the given differential equation is:

1 1
y = C 3% 4+ Ce™3% — gX—3xe

—-3x
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