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5. FUNCTIONS

The Ecliptic: The orbit of the Earth around the Sun looks like a circuit. Positions of bodies on the celestial
sphere with respect to the ecliptic is a function of celestial longitude and latitude

ABSTRACT:

The function is one of the basic concepts in mathematics. The description starts with the definition of
a function and introductory properties of functions: a sign of a function, intervals of monotonicity,
odd and even functions, and limits of a function. Elementary functions, like linear, quadratic,
exponential, logarithmic and trigonometric functions will be introduced.

This chapter provides examples of equations with terms involving these functions, and illustrates the
algebraic techniques necessary to solve them and the importance of maritime issues. In short, it is
essential to be familiar and comfortable with the fundaments of functions before proceeding to the
formal introduction of calculus in the next chapter.

AIM: To learn basic concepts in functions, like a sign of a function, increasing or decreasing function
and limit of a function and to solve maritime problems using functions.
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Learning Outcomes:

1. Understanding the definition of function and recognize whether the mapping is
a function

2. Determine whether the function is injection, surjection and bijection

3. Find the intervals of monotonicity of a function

4, Solve the limits of a function

5. Use the appropriate function in solving maritime problems.

Prior Knowledge: algebraic expressions, algebraic identities, linear equations and inequalities.
Relationship to real maritime problems:

Functions are widely used in solving many engineering problems. Practical application of functions is
in navigation theory, calculating the set and drift, the velocity of a vehicle, the travelling time, and
distance.
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5.1. FUNCTION. BASICS. GRAPH. FUNCTION TABLE

The function is one of the basic concepts in mathematics. In this section, a formal definition of a
function is provided. Functions can be represented through tables, formulas, and graphs The formal
notation and terms related to functions are provided.

The notion of notation of functions becomes clear with the help of examples. The section contains
several maritime examples of using functions, using GeoGebra and MS Excel.

Definition (function):
Function f is a relation in which each object from the set of inputs X is associated to exactly one
object from the set of outputs Y. Each function must have three elements defined:

1. Domain X —a set of inputs, i.e. a set of all arguments of the function
2. Mapping rule f —the way this data is transformed - functional equation
3. Codomain Y — a set of possible outputs

Element x is an argument (input) and element y is an image of x (the value of function or output).

Figure 5.1

The statement can be written

f:X-Y

Set X is called the domain, set Y is called the codomain.

Functions where domain and codomain are subsets of real number sets are commonly used in real
life problemes.

Functions f: R = R defined by f(x) = x2 — 1 and g:(0, ) - (—1, ) defined by g(x) = x? — 1
are not the same functions, as we can see on Figure 5.2
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Figure 5.2. Graph of functions:a) f(x) =x*—-1; b) gx) =x*-1

There are various ways to assign functions. The table below shows three different ways to set the
function f(x) = x + 5.

Descriptive Table Graph

Add the number 5 to each real
number.

Al Wl N ] X
O | V| o] <

Injection is a one-to-one function. It is a function that maps distinct elements of the domain to distinct
elements of the codomain.

A function is called surjection if every element of the codomain is mapped by at least one element of
the domain.
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A function is called bijection if a function is both injection and surjection.

:

Example 5.1
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Figure 5.3

Global positioning using longitude and latitude is an example of a function. Each point on the Earth's
surface is associated with a unigue combination of two coordinates.

For example, the city of Split is associated with coordinates (43.5081°N, 16.4402°E) (43° 30" 29” N
and 16° 26’ 25" E).

On Google maps https://www.google.com/maps choose the place you want to travel to next summer
and read its longitude and latitude. Convert the values to degrees, minutes and seconds.

Is the mapping that accompanies each point on the Earth's surface an ordered pair of number
coordinates:

a) function

b) injection
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¢) surjection
d) bijection.
Solution:

Computer instructions: right click on a place on the map, select What’s here? Latitude and longitude in
degrees will be displayed.

Mobile phone instructions: Press and hold the selected place on the screen. The latitude and
longitude in degrees will be displayed in the data entry bar.

You can check the calculation on your computer by clicking on the amount of latitude or longitude.
Latitude and longitude in degrees, minutes, and seconds will be displayed in the left corner of the
data entry bar.

The mapping that accompanies each point on the Earth's surface an ordered pair of number
coordinates is a function, injection, surjection and bijection.

a) The mapping is a function, because each point on the surface has corresponding coordinates.

b) The function is an injection because two different places on the Earth’s surface will surely have
different coordinates. There cannot be two different cities with the same latitude and longitude.

c) The function is a surjection because all possible values of latitude and longitude are hit.

If we would somehow add another meridian and have 181° of longitude, that would be a problem.
Then no place on Earth would be mapped to that 181° longitude, and the function would no longer
be a surjection.

d) Since the function is an injection and surjection, it is a bijection.

This is important because it means we can go “backwards”. Knowing the coordinates of one place, for
instance (43.5081°N, 16.4402°E), we can distinctively say which point on the surface it is (Split).

Example 5.2

In a port, 300 passengers can board one of the 3 ships (A, B or C) that depart at the same time. Each
ship has at least 2 passengers.

Is the mapping in which each passenger is associated to a ship:
a) function
b) injection
c) surjection
d) bijection

e) Is the reverse mapping assigned to each ship a list of passengers on it a function?
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Solution:

Passenger 1

Passenger 2

Boat A
Boat B
Boat C

Passenger 3

Passenger 300

Figure 5.4

a) The mapping is a function because every passenger will board on exactly one ship.

b) The mapping is not an injection, because it is not one-to-one mapping. There are 300 hundred
passengers and only 3 ships, so several passengers' board on the same ship.

c) The mapping is a surjection, because every element of the codomain (every ship) has at least one
associated element of the domain (passenger).

d) The mapping is not a bijection, because it is not an injection.

e) Reverse mapping is not a function because every ship is not associated to exactly one passenger,
but to many passengers.

Example 5.3

The GPS system receives messages about the coordinates of the Nautilus ship every hour during the
four-hour voyage.

The last voyage of the ship is given by the table

Time X coordinate Y coordinate
(Northern latitude) | (Eastern longitude)

12:00 44.52 14.51

13:00 44.52 14.62

14:00 44.52 14.69

15:00 44.52 14.81

16:00 44.52 14.89
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The ship's voyage was sketched in Geogebra. https://www.geogebra.org/m/shtqu5Skqg In which
direction did the ship move? What was its course?

If we know that the total length of the voyage was 24 km, what was the average speed of the ship?
Did the ship have a steady speed during the voyage?

Then did the ship go the fastest and when the slowest?

Determine the speed of the ship in each of the intervals.

Try to determine the Y coordinate of the ship in each time interval when the ship would be moving

at a constant velocity of 6 km/h.
g) If 1 knot = 1.85 km/h, what was the average velocity of the ship in knots

Solution:

a) from Rovenska Nova to Novalja

b) 6 km/h

c) No

d) Ship had the fastest interval between 14:00 and 15:00, and slowest between 13:00 and 14:00.

Time AY coordinate AY coordinate (km) v (km/h)
(longitude)
12:00-13:00 0.11 6.95 6.95
13:00-14:00 0.07 4.42 4.42
14:00-15:00 0.12 7.58 7.58
15:00 - 16:00 0.08 5.05 5.05
f)
Time Y coordinate Y coordinate (Eastern
(Eastern longitude) longitude) (with constant
(real values) velocity 6/km/h)
12:00 14.51 14.51
13:00 14.62 14.605
14:00 14.69 14.70
15:00 14.81 14.795
16:00 14.89 14.89
6
g) v =— = 3.24 knots
1.85
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5.2. ANALYSING THE GRAPH OF A FUNCTION

For a given function f(x), set of all pairs (x,f(x)) is called the graph of the function.

5.2.1.  Sign of a function value
The positive regions of a function are intervals where the function is above the x-axis. Mathematically
speaking, function is positive on interval {a, b) if f(x) > 0 for every x € (a, b).

The negative regions of a function are intervals where the function is below the x-axis. Function is
negative on interval {(a, b) if f(x) < 0 for every x € (a, b).

All points for which f(x) = 0 are called zeros.

Example 5.4  https://www.qgeogebra.org/calculator/rvnautep

Find the positive and negative regions of a function.

Figure 5.5

Solution:

Recall that we read function values on the y axis, so for a positive sign we are interested in x values
where the y coordinate of that point is greater than O.

All points colored blue have a positive functional value, so we say that the function is positive at these
intervals. In this task these are intervals < =3,—-1>U< 1,400 >.

All points colored red have a negative functional value, so we say that the function is negative at these
intervals. In this task these are the intervals < —c0, -3 > U < —1,1 >.
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5.2.2. Increasing and decreasing functions
Function is increasing if when x increases, then y also increases. When x; < x5, then f(x;) < f(x3)
we say that function is increasing.

Function is decreasing if when x increases, then y decreases. When x; < x, then f(x;) = f(x;) we
say that function is decreasing.

Figure 5.6 https://www.geogebra.org/calculator/mufqrbvs

For all values colored red the function is increasing.

For all values colored blue the function is decreasing.

Example 5.5

0:5

5 U\/(s 2 2] 3 s 4 4]
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Figure 5.7

Find in interval [0,4.5]
All intervals where the function is positive (all x values for which the function value is positive)

All zero points

All intervals where the function is decreasing.

Solutions:
a) x €(0,0.5)uU(1.5,2.5) U (3.5,4.5)
b) Zero points are (0,0), (0.5,0), (1.5,0), (2.5,0), (3.5,0), (4.5,0)
c) x €(0.5,1.5) U (2.5,3.5)
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5.3. ODD AND EVEN FUNCTIONS

Aims
1) Introducing concept of odd/even function
2) Students learn how to differentiate odd/ even function analytically and graphically.
3) Understand the concept of drawing function graphics.

4) Introducing algebraic and polar forms

5.3.1. Even function

A function is "even" when f (- x) = f (x) for all x. When you plug in -x, you get back the same function
with which you started.

Example 5.6

Are given function f(x)= 3x> — 5x* odd or even?
f(- x) = 3(-x)? = 5(-x)* = 3x? — 5x*
f(-x) = f(x) given function is even.

Even functions are symmetric about the y-axis. Graphics remain unchanged when reflected across the
y-axis.

Graphic 1: Even function y= x* + x?

y=x2+x4
20

T T [ =X
-2 -1 1 2

Figure 5.8 Even function y=x* + x*
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5.3.2. Odd function

A function is "odd" when f (- x) = - f (x) for all x. When you plug in -x, you get back the negation of
the function with which you started.

Example 5.7

Are given function f(x)= 4x3 + 7x odd or even?
f(-x) = 4(-x)> + 7(- x) = -4x3 = 7x = - (4x3 + 7x)
Not even Ogd

Odd functions are symmetric about the origin. The graph remains unchanged after a rotation of 180
degrees about the origin.

Graphic 2: 0dd function y= x3 - x

Figure 5.9 Odd function y=x° - x

1) Neither odd nor even functions

Majority of functions are neither odd nor even functions. All of these "other" functions are referred
to as "neither", when being compared to the odd and even function definitions.

Example 3: Are given function_f(x) = 5x? + 3x + 5 odd or even?
f(-x)=5(-x)?+3 (-x) +5=5x?-3x+5=-(5x* + 3x— 5)

f(-x) # f(x) == 5x2+3x+5#5x?-3x+5 == Not even

f(-x)# -f(x) ===>(5x?+3x—5) # - (5x> + 3x + 5) == Not odd
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This function is neither.

5.3.3. Exercises

IEE$ERA |s this function odd, even or neither

1) y=x*+5x; 2)y=—x"+2;
1) y=5x—2; 5)y=x*+ 2%
- 1 2x°
) y=x+—; 8) y=os—;
3x" +x

X
10)y=x*+x*-3x; 1D)y=x+x7";

IEE WA |s this function odd, even or neither

a)y= Sx; e)y= sz;
)y =2x7; 8y =5x2+ 1;
Dy =7x"+x; h) y = 3x* + x? + 4;

5.3.4. Homework

y=2x>—3x+6
y=x2+3x+1
y=3x>+5x-4

y=x2+x+2

Ao

y=3x>-7x—6

3)y=x"+2x-3;
6)y=x"—5x+3;

3
9) =
)y x* -5

12) y =3x* +x* + 4,

-
*

)y=>5x—1; m)y= 2.
Dy=6x*+4; n)y*6;+1;
k) y=x*—2x+3; o) y = 3x%;
Dy=x’—5x-3; Py=x+ .
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5.4. ELEMENTARY FUNCTIONS

|

Hybrid energy mode| [
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Elementary functions have implementations in solving different real-world problems as calculating energy
load, consumption and distribution in the ship power plant with renewable resources

ABSTRACT:

This chapter describes elementary functions, their properties and applications. Elementary functions
are the functions which we can meet in most of the calculus and basic math applications. They include
polynomial functions - linear, quadratic, etc., rational functions, trigonometric functions, exponential
functions and their inverse functions, including the inverse trigonometry functions and logarithms,
and, also functions defined as a sum, product and/or composition of finitely many elementary
functions. Lots of functions which appear in technical or economic applications are elementary
functions.

In this chapter, we will focus on understanding these functions and transforming those using basic
algebraic operations. Examples (and diagrams/graphs) are given throughout the text to provide
guidance on how to approach and solve various problems. Exercises are also included with solutions
at the end of each task. Activities for individual learning and assessing your knowledge are available.
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AIM: To acquire skills in plotting graphs of functions, solving equations, systems of equations, to
understand the concepts behind making computations. It turns out that elementary functions are
important not only for solving mathematical problems but also in many real applications.

Learning Outcomes:

1. Solving linear, quadratic, exponential, logarithmic equations and inequalities.
2. Plotting graphs of functions.

3. Be familiar with the properties of those functions.

4

Learn applications of those functions in real life and technical problems

Prior Knowledge: basic knowledge from primary and high school. Acquaintance of basic rules and
formulae.

Relationship to real life problems: We apply linear functions to solve problems about rates of change,
curve fitting, linear regression formula. There are many real-world situations that deal with quadratics
and parabolas. Throwing a ball, shooting a cannon, diving from a platform and hitting i.e., a golf ball
are examples of situations that can be modeled by quadratic functions. In many of these situations
you will want to know the highest or lowest point of the parabola. Applications of exponential decay
can be found with the following examples: medications/caffeine leaving the body, radioactive decay,
half-life, carbon dating, depreciation of material objects, etc. Applications of exponential growth can
be found with the following examples: Population growth, bacteria growth, appreciation of material
objects, compound interest. Scientists agree that the greenhouse effect is approximately logarithmic.
Square roots are used in many jobs. They are used by engineers, carpenters, architects, designers,
construction managers, technicians, statisticians, drafters, economists, lawyers, social scientists,
timekeepers, agricultural workers, floor installers, medical assistants and many others jobs.

Contents:

® Linear function and straight line
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OM,

Ship Stability | LIST Angle Calculation for Ship is one of many different problems where a linear function is

used

Introduction
Vertical and Horizontal Lines
Point-slope form of the equation of a line
Worked examples and exercises
= Sample chapter exam

e (Quadratic functions

Graph and general form of a quadratic function
Domain and range of a quadratic function
Finding the x- and y-intercepts of a quadratic function
Vieta's formulas
Solving quadratic equations
Solving quadratic inequalities
Exercises
=  Sample chapter exam

e Exponential functions

Definition and properties
Basic rules for exponentials
Solving exponential equations and inequalities
Exercises
=  Sample chapter exam

e Logarithmic functions

* X 5

* 4k
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Exercises
= Sample chapter exam

e Square root function

Square root of a negative number
Square root function
Solving square roots equations and inequalities
Exercises
= Sample chapter exam
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5.4.1. Linear function and straight line

Waterline

Ship Stability | LIST Angle Calculation for Ship is one of many different problems where a linear function is
used

Introduction

The linear function is popular in various branches of science (i.e., economics). It is attractive because
it is simple and easy to handle mathematically. It has many important applications.

Linear functions are those whose graph is a straight line. The origin of the name “linear” comes from
the fact that the set of solutions of such an equation forms a straight line in the plane.

A linear function has the following form
y = ax + b, (slope a, y —intercept b).

Alinear function has one independent variable and one dependent variable. The independent variable
is x and the dependent variable is y.

b is the constant term or the y —intercept. It is the value of the dependent variable when

x = 0.

a is the coefficient of the independent variable. It is also known as the slope and gives the rate of
change of the dependent variable.

The slope of a line is a number that describes both the direction and the steepness of the line. Slope
is often denoted by the letter a . Recall the slop-intercept form of a line, y = ax + b. Putting the
equation of a line into this form gives you the slope (a) of a line, and its y-intercept (b).
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The steepness, or incline, of a line is measured by the absolute value of the slope. A slope with a
greater absolute value indicates a steeper line. In other words, a line with a slope of —9 is steeper
than a line with a slope of 7.

Slope is calculated by finding the ratio of the “vertical change” to the “horizontal change” between

any two distinct points on a line. This ratio is represented by a quotient (“rise over run”), and gives
rise
the same number for any two distinct points on the same line. It is represented by a = —.

run
run I

riset

Figure 5.10 Visualization of a slope. The slope of a line is calculated as “rise over run.”

Slope describes the direction and steepness of a line, and can be calculated given two points on the
line:

_Ay_»2-n

a
Ax  x2—x1

When a > 0 then the linear function is increasing ( y-value increases as the x-value increases - it is
easy to see that y = f(x) tends to go up as it goes along - the blue line on Figure 5.10 has a positive

slope of % and a y-intercept of —3); when a < 0 then the linear function is decreasing (y-value

decreases as the x-value increases- it is easy to see that y = f(x) tends to go down as it goes along
—the red line on Figure 5.11 has a negative slope of —1 and a y-intercept of 5.

“)’

Figure 5.11 Graph of linear functions when a > 0 and a < 0.
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Vertical and Horizontal Lines

Vertical lines have an undefined slope, and cannot be represented in the formy = ax + b, but
instead as an equation of the form x = ¢ for a constant ¢, because the vertical line intersects a value
on the x-axis, c. For example, the graph of the equation x = 3 includes the same input value of 4 for
all  points on the line, but would have different output values, such
as (3,—-3),(3,0),(3,1),(3,6),(3,2),(3,—1), etc. Vertical lines are NOT functions, however, since
each input is related to more than one output. If a line is vertical the slope is undefined.

Horizontal lines have a slope of zero and they are represented by the form, y = b, where b is the y-
intercept. A graph of the equation y = 3 includes the same output value of 3 for all input values on
the line, such as (-1, 3), (0, 3), (2, 3), (3, 3), (6,3) etc. Horizontal lines ARE functions because the
relation (set of points) has the characteristic that each input is related to exactly one output.

/Graphing a linear function N\

To graph a linear function, we have to:

1. Find 2 points which satisfy the equation;

2. Plot them;

3. Connect the points with a straight line.
Example 5.8
y = 5x+25:

letx = 1then y=5(1)+25=30, letx = 3then y = 5(3) +25 = 40

40

30

20

Figure 5.12 Graph of the linear function
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In the linear function graphs above (Figure 5.12) the constant, a = 5, determines the slope or
gradient of that line, and the constant term, b = 25, determines the point at which the line crosses
the y-axis, otherwise known as the y-intercept.

Point-slope form of the equation of a line

The equation of the line through (x,, y,) with slope a is
Y — Yo =a(x —xo).
The equation of the line through two points: (xq, 1), (x5, y,)is

_ Y2 Y1,
Y—"¥ 1= P (x — xq).

Worked examples and exercises

Example 5.9

The total cost in euros of manufacturing x units of a certain commodity is
f(x) =30x + 1000.

a) Compute the cost of manufacturing 10 units.
b) Compute the cost of manufacturing 10th unit.

Solution

a) Substitute x =10 into formula f(x) =30x +1000: f(10) =30(10)+ 1000 =
1300 [€].
b) Subtract the cost of manufacturing 9 units from the cost of manufacturing 10 units:

£(10) — £(9) = 1300 — 1270 = 30 [€].
Example 5.10

Find the slope and y —intercept of the line 3x + 2y = 6 and draw the graph.

Solution
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First solve fory: y = —gx + 3.

Compare this for the slope-intercept form y = ax + b and conclude that a = —% and b =3.To

draw the graph, plot the y —intercept (0, 3) and any other convenient point that satisfies the
equation, say (2,0), and draw the line through them.

f 1
eq

-2

—6

Figure 5.13 Graph of the function 3x + 2y = 6

Example 5.11

Find the equation of the line through (2,5) and (1, —2).

Solution

; - -2-5
First compute the slope: a = il G
X2—X1 1-2

Then use one of the given points, say (2, 5) as (xy, Yo) in the point-slope formula
Y — Yo = alx — xo):
y=5=7x-2) => y=7x-09.
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Example 5.12

Since the beginning of the month, a local reservoir has been losing water at constant rate. On the 12t
of the month, the reservoir held 400 million liters of water and on the 22% it held 250 million liters.

a) Express the amount of water in the reservoir as a function of time.
b) How much water was in the reservoir on the eighth of the month?

Solution

a) Let
x = number of days since the first of the month;

y = amount of water in the reservoir (in million litres units).

Since the rate of change of the water is constant, y is a linear function of x. To find this function,
use the point-slope form to get the equation of the line through the points (12,400) and
(22,250):

Y2 —Y1 250 — 400 B —150 _
X, —x; 22—-12 10
y —400 = -15(x —12) => 1y = —15x + 580.

—15.

a =

b) To calculate the amount of water in the reservoir on the 8™ of the month, substitute x = 8
into the formula of y : y = —15(8) + 580 = 460 [million liters].

Example 5.13

Find the point of intersection of the lines:y = —x + 5 and y = 4 x + 3.
Solution
Set two expressions for y equal to each other and solve for x:
—x+5=4x+3
—5x=-2 => x=04.
To find y, substitute x = 0.4 into one of the original equations, sayy = —x + 5 :

y = —0.4+ 5 = 4.6. Thus, the point of intersection is (0.4; 4.6).

Example 5.14

Membership in a private fitness club costs 800€ per year and entitles the member to use the courts
for a fee of 3€ per hour. At a competing club, membership costs 650€ per year and the charge for
the use of the gym is 5€ per hour. If only financial considerations are to be taken into account, how
should a client choose which club to join?
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Solution
Let
x = number of hours of using the gym during a year;
f1(x) = total cost at the first club
f2(x) = total cost at the second club.
Then,
fi(x) =800 + 3x
while
fo2(x) = 650 + 5x.
To find the point of intersection, set f; (x) = f,(x) and solve
800 + 3x = 650 + 5x
150 =2x => x =75.

1600
1400
1200
1000

800

00 —1000 —800 —500 —400 / —200 / 0 200 400 800 500 1000 1200 1
f o]

Figure 5.14

Conclude that if x < 75, the client should join the second club and if x > 75 the client should join
the first club.
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Example 5.15

A river ship with a drive does not stop along its way along the Vistula River from the city of Wtoctawek
in Poland to the city of Gdansk also in Poland for three days, while from Gdarsk to Wtoctawek for four
days. How many days will the raft sail (without a drive) from Wtoctawek to Gdarnsk?

Solution

Let v; be a speed of the ship, v, be a speed of the raft. The ship while travels downstream has the
speed

V1 + v,
and while travels upstream has the speed:
vV — Vy.
When we compare the distance s, defined by
s=v-t
from Wtoctawek to Gdansk and from Gdansk to Wtoctawek we get the equation:

3(v1 +vp) = 4(v; — vy).

\ Ship

m]

\ 7
\

WEOCLAWEK

|
DG

GDANSK

_—

Figure 5.15

Hence

v1 == 7172.
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The speed of the raft is the same as the river currenti.e., v,.

Therefore, the number of days the raft will pass the distance

s =3(v; +vy) = 3(7Tv, + v,) = 240,

will be
t=22%2_ 24
V2

The raft will sail from Wtoctawek to Gdanisk 24 days.
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Exercises
If f(x) = 3x — 2, compute f(2),f(0), f(—1).
If f(x) = 2x + 6, find the value of x for whicha) f(x) =6, b) f(x) = 4.
The costof rentinga caris f(x) = 14 + 0.12x €, where x is a number of kilometres driven.

a) What is the cost of renting a car for 60 km trip?
b) How much is charged for each additional kilometer?
c) If the total rental cost was 23,60 €, how far was the car driven?

Find the slope and y intercept of each of the following lines:

a) 2y = 6x + 4, b) 5x — 4y = 20, c) 2y+3x=0.
IEH$WA Find the equation of the line which passes through the origin (0, 0) and has slope —2.

IEH®X:] Find the equation of the line through the points (2,4) and (1, —3).

LIEH RN A doctor owns 1,500 € worth of medical books which for tax purposes, are assumed to
depreciate at a constant rate over the 10-year period so that at the end of the 10-year period, their
value will have been reduced to zero.

a) Express the value of the books as a function of time.
b) By how much does the value decrease each year?

IEH @RI Find the point of intersection (if any) of the lines:
a) y=x+4and y=-2x+1,
b) y=4x+9and y =4x — 6.

EHEEREN First plumber charges 16 € plus 6 € per half hour. A second charges 21 € plus 4 € per
half hour. If only financial considerations are to be taken into account, how should you decide which
plumber to call?

IEEERPA A ship sails from Wtoctawek to Gdansk two days, while from Gdansk to Wioctawek it sails
six days. How many days does the river flow from Wtoctawek to Gdansk?

a) As a dry air moves upward, it expands and cools. If the ground temperature is 20°C and the
temperature at the height of 1 km is 10°C, express the temperature T (in °C) as a function of the
height h (in km) assuming the function is linear.
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b) Draw the graph of the function in part a). What does the slope represent?
c) What is the temperature at a height of 2.5 km?

Answers
5.3. (2)=4,f0)=-2 f(-1)=-5
5.4. x=0, x=-1.
5.5. a) 21.20 €, b) 12 cents, c¢) 80 kilometers.
5.6. aja=3,b=2  bla=125 b=-5 Ja=-2, b=0.
5.7. y = —2x.
5.8. y =7x —10.
5.9. 7.a) y = —150x + 1500 b)150€
5.10. a) (-1,3) b) none.
5.11. Call the first plumber if work will take less than 75 minutes and call the second if work

will take more than 75 minutes.
5.12. 10. 6 days.
5.13. a)T(h) = —10h + 20

b) The rate of change of temperature with respect to height.

c) —5°C.
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Sample chapter exam

1. It is estimated that t years from now, the population of a certain community will be
f(t) =600t + 12000.
a) What will the population be 8 years from now?
b) What is the current population?
¢) By how much does the population increase each year?
d) When will the population be 150007
2. Find the slope and y intercept of the given lines: 5x — 4y = 20, §+% =4,
S Write an equation for the line with a given properties:
a) through (1,4) and (5, 0);
b) through (—1, 3) with slope —5.

4. Under the provisions of a proposed property tax bill a homeowner will pay 100 € plus 8% of the
assessed value of the house. Under the provisions of a competing bill, the homeowner will pay
1900 € plus 2% of the assessed value of the house. If only financial considerations are taken into
account, how should a homeowner decide which bill to support?
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5.4.2. Quadratic functions

In this section, we will investigate quadratic functions. Working with quadratic functions can be less
complex than working with higher degree functions, so they provide a good opportunity for a detailed
study of function behavior.

Graph and general form of a quadratic function

The graph of a quadratic function is a U-shaped curve called a parabola. Important feature of the
graph is that it has an extreme point, called the vertex. If the parabola opens upward, the vertex
represents the lowest point on the graph, or the minimum value of the quadratic function. If the
parabola opens down, the vertex represents the highest point on the graph, or the maximum value.
The graph is also symmetric with a vertical line drawn through the vertex, called the axis of symmetry.
These features are illustrated in Figure 5.16.

G‘Y Axis of Symmetry
s i
o |
37 :
.
2p
x-intercepts
;- :
+ + + + ; + X
5 -4 3 2 -A o 1 4 5 6
=i ;
:
y-intercept /_i :
T~ Vertex
_5; -

Figure 5.16 The graph of a quadratic function

The y-intercept is the point at which the parabola crosses the y-axis. The x-intercepts are the points
at which the parabola crosses the x-axis. If they exist, the x-intercepts represent the zeros, or roots of
the quadratic function i.e., the values of x at which y = 0.

The general form of a quadratic function is
f(x) =ax®* + bx+c

Where a, b, and c are real numbers and a # 0.

If a > 0, the parabola opens upwards. If a < 0, the parabola opens downwards. We can use the
general form of a parabola to find the equation for the axis of symmetry.
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b

The axis of symmetry is defined by x = — e

If we use the quadratic formula

—b +Vb?% — 4ac
X =
2a

to solve ax? + bx + ¢ = 0 for the x-intercepts, or zeros, we find the value of xhalfway between

. b . .
them is always x = — T the equation for the axis of symmetry.

Figure 5.17 shows the graph of the quadratic function written in general form as

y =x%2+4x + 3.Inthisform, a =1, b =4, ¢ = 3. Asa > 0, the parabola opens upwards. The axis
of symmetry is x = —% = —2 . We can see from the graph that the vertical line
x = —2 divides the graph in half. The vertex always occurs along the axis of symmetry. For a parabola

that opens upwards, the vertex occurs at the lowest point on the graph, in this example: (=2, —1).
The x-intercepts, those points where the parabola crosses the x —axis, occur at (—3,0) and (—1,0).

y
\

y=x2+4x+3

@ B> @ e N O®

7 X-intercepts

- L X

I EEENVSBEREEE
_1"

vertex ;
]
1 =27
Axis of symmetry —s
T =3+
——
" .

J

Figure 5.17 The graphof y = x* + 4x + 3

The standard form of a quadratic function is represented by

f(x)=a(x—p)*+q
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where (p, q) is the vertex. Because the vertex appears in the standard form of the quadratic function,
this form is also known as the vertex form of a quadratic function. The function presented in Figure
5.17 has the standard form: y=(x + 2)% — 1.

As with the general form, if a > 0, the parabola opens upwards and the vertex is a minimum. If a <
0, the parabola opens downwards, and the vertex is a maximum.

Figure 5.18 shows the graph of the quadratic function written in standard form as
y=-3(x+2)*+4.

Since x —p = x + 2 in this example, p = —2. In this form, a = —3, p = —2 and q = 4. Because
a = —3 < 0, the parabola opens downward. The vertex is at (—2, 4).

vertex

e e S o S S

- mrmmm———

Figure 5.18 The graph of y = —3(x + 2)?> + 4.

The standard form is useful for determining how the graph is transformed from the graph of y = x2.
Figure 5.19 is the graph of this basic function.
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Figure 5.19 Graph of y = x2.

If g > 0, the graph shifts upward, whereas if ¢ < 0, the graph shifts downward. In Figure 5.18 ¢ > 0,
so, the graph is shifted 4 units upward. If p > 0, the graph shifts toward the right and if p < 0, the
graph shifts to the left. In Figure 5.18 p < 0, so the graph is shifted 2 units to the left.

The magnitude of aindicates the stretch of the graph. If |a| > 1, the point associated with a
particular x-value shifts farther from the x-axis, so the graph appears to become narrower, and there
is a vertical stretch.

If |a| < 1, the point associated with a particular x-value shifts closer to the x-axis, so the graph
appears to become wider, but in fact there is a vertical compression. In Figure 5.18 |a| > 1, so, the
graph becomes narrower.

The standard form and the general form are equivalent methods of describing the same function. We
can see this by expanding out the general form and setting it equal to the standard form.

alx—p)?+qg=a(x?—2xp+p?) +q=ax?—2axp+ap?+q=ax?>+bx+c

For the quadratic expressions to be equal, the corresponding coefficients must be equal.

-b
—2ap = b, so p=z.

This gives us the axis of symmetry we defined earlier. Setting the constant terms equal:

2 2 2
2 2 -b b b*—4ac
a + =C =Cc—a :C—a(—) = —_—— —
p q q p 2a 4a 4a

In practice, though, it is usually easier to remember that g is the output value of the function when

the inputis p, so f(p) = f(%) =q.
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Note

The expression b2 — 4ac usually denoted as the upper-case Greek letter, A, is defined as
A= b? — 4ac

and it is called discriminant of a square trinomial ax? + bx + c.

Quadratic formula:
—b+ b% — 4ac
2a

X12 =
is a formula for solving quadratic equations in terms of the coefficients.

The number of x-intercepts of a quadratic function depends on the sign od the discriminant

A= b? — 4ac:
— If A< 0 then there is no x-intercepts of a quadratic function;

— If A= 0 then there is one x-intercept of a quadratic function and x, =

— If A> 0 then there are two x- intercepts a quadratic function and

—b+1/b2—4-ac —b—, /b2—4ac

X1 = 2a ’ X2 = 2a '

Example 5.16

Find the vertex of a quadratic function f(x) = 2x? — 6x + 7. Rewrite the quadratic in standard form
(vertex form).

Solution

The horizontal coordinate of the vertex will be at

_—h_ (=6 _

P=%a " 22

The vertical coordinate of the vertex will be at

0=10) =1 () =2() ~6@)+7=%

Rewriting into standard form, the stretch factor will be the same as the a in the original quadratic.

6 3
402

f(xX) =ax?+bx+c=2x>—6x+7

2
Using the vertex to determine the shifts, f(x) = 2 (x — %) + %
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Domain and range of a quadratic function

Any number can be the input value of a quadratic function. Therefore, the domain of any quadratic
function is the set of all real numbers. As parabolas have a maximum or a minimum point, the range
is restricted. Since the vertex of a parabola will be either a maximum or a minimum, the range will
consist of all y-values greater than or equal to the y-coordinate at the turning point or less than or
equal to the y-coordinate at the turning point, depending on whether the parabola opens up or down.

The range of a quadratic function written in general form f(x) = ax? + bx + c with a

" . b . : : . :
positive a value is [f (_Z)’Oo); the range of a quadratic function written in general form with a

negative a value is (—oo,f (%)]

The range of a quadratic function written in standard form

fO) =alx—p)*+q

with a positive a value is [g, ©); the range of a quadratic function written in standard form with a
negative a value is (—, q].

How to find the domain and range of a given quadratic function:
The domain of any quadratic function is the set of all real numbers.

Determine whether a is positive or negative. If a is positive, the quadratic function has a minimum.
If a is negative, the quadratic function has a maximum.

Determine the maximum or minimum value of the quadratic function, q.

If the parabola has a minimum, the range is [q, o).

If the parabola has a maximum, the range is (—oo, q].

Example 5.17

Find the domain and range of f(x) = —5x% + 9x — 1.
Solution

As with any quadratic function, the domain is a set of all real numbers. Because a is negative, the
parabola opens downwards and has a maximum value. We want to determine the maximum value.
We start by finding the x —value of the vertex:

b 9
P=724” 10
The maximum value q is given by q = f(p):

2
1= ()= () ol 1=5
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The range is (—00, %].

Figure 5.20 presents two parabolas with their extreme values: minimum and maximum.

y y
= Maximum value of 4 ©

94 occursatx = —3 gl
ol fo)=(x—-2?2+1 (-3.4) .
3

2L
1

= N w A~ O

21

+ + 0l + + + + + 4 X
2 7 1 2 3 4 5 6
T Minimum value of 1
-p| occursatx =2

(@) (b)

Figure 5.20 Examples of minimum and maximum values of the quadratic functions

Finding the x- and y-intercepts of a quadratic function

We need to find intercepts of quadratic equations for graphing parabolas. Recall that we find the y-
intercept of a quadratic by evaluating the function at an input of zero, and we find the x —intercepts
at locations where the output is zero. Notice that the number of

x-intercepts can vary depending upon the location of the graph- see Figure 5.21.
How to find the y — intercept and x — intercepts of a given a quadratic function f(x).
Evaluatef (0) to find the y — intercept.

a. Solve the quadratic equation f(x) = 0 to find the x — intercepts.
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Figure 5.21 Number of x —intercepts of a parabola.

Example 5.18

Find the y — and x —intercepts of a parabola f(x) = 3x? + 5x — 2.
Solution
We find the y —intercept by evaluating f(0):
F(0)=3-0245-0—2=—2
So, the y —intercept is at (0, —2).
For the x-intercepts, we find all solutions of f(x) = 0.
3x2+5x—2=0.
—b+VbZ-4ac _ —bi\/z’ e

In this case, using the quadratic formula, x =

2a 2a
A=b?—4ac= 52—4-3-(=2)=49, VA=/49=7 thus
—5-7 —5+7 1
X =— =—2 and x, = — =3

So, the x-intercepts are at G, O) and (—=2,0).

By graphing the function, we can confirm that the graph crosses the y —axis at (0, —2). We can also

confirm that the graph crosses the x-axis at at G, 0) and (—2,0).
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Figure 5.22 The y — and x —intercepts of a parabola f(x) = 3x* + 5x — 2

Vieta's formulas

Vieta's formulas give a simple relation between the roots of a polynomial and its coefficients. In the
case of the quadratic equation, they take the following form:

b
x1+x2:—5

_C
xl'xz—z.

These results follow immediately from the relation:
(x—x)(x—x)=x2 = (x; +x)x+x;-x, =0,
which can be compared term by term with

x2+(9)x+5=0.
a a

The first formula above yields a convenient expression when graphing a quadratic function. Since the
graph is symmetric with respect to a vertical line through the vertex, when there are two real roots
the vertex's x-coordinate is located at the average of the roots (or intercepts). Thus the x-coordinate
of the vertex is given by the expression

_ X1+Xx2 _ b

2 2a’

The y-coordinate can be obtained by substituting the above result into the given quadratic equation,
giving
b? _ b%-4ac

q:——+c=

4a 4a
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Solving quadratic equations

The Quadratic Formula

As forax? + bx + ¢ = 0, the values of x which are the solutions of the equation are given by:

_—b+1/b2—4ac _—b—,/b2—4ac
- 2a ’ o 2a

X1 X2

or

we can also solve a quadratic equation using factorization:

ax? + bx + ¢ = alx —x)(x — x,),
thenax? + bx + ¢ = a(x —x)(x—x,) =0, (x—x;) =0 and (x —x,) =0,
SOX = X1, X = X5.

Example 5.19

Solve the equation: x2 — 16 = 0.

Solution
Factorizex? —16 =0, (x —4)(x+4) =0.

We have two solutions (x —4) =0 and (x +4) =0, so x =4, x = —4 respectively.

Example 5.20

Solve the equation: x? + 6x = 0.
Solution
Factorize x> + 6x =0, x(x+6) =0.
We have two solutionsx =0 andx 4+ 6 =0, sox = 0,x = —6 respectively.

Example 5.21

Solve the equation 2x% — 8x + 6 = 0.
Solution

First, we divide the entire equation by 2 as a common factor of the coefficients, so
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2x>—8x+ 6 =0 can be written as x? —4x + 3 = 0. Now we compute the discriminant
A= (—4)2—-4-1-3=4>0, VA =2,
then

4+2 4-2
X1=T:3, X2=T:1.

Example 5.22

Solve the equation x% + 6x + 9 = 0.

Solution
After factorizing x2 + 6x + 9 = 0 we have (x + 3)? = 0, so we have double root of the equation

x1:x2:x0:_3.

Example 5.23

Give the example of a quadratic equation with integer coefficients which has two roots:

(5-2v3) " and (5+2V3) .

Solution

1
5+2v3

and x, =

N |-
&

There are given the roots x; =

As
(x—x)(x—x,)=0 & x2—(x;+x)x+x;-x,=0,

SO, we compute

N 1 N 1 54 2V3+5—2V3 10 10
x x: = = :—’
PP 5 _2v3 5423 (5+2v3)(5-2J3) 25-12 13
1 1 1
xl'x

27523 5+2v3 13

Hence, we obtain:

x2 =2+l —0and 13x2-10x+1=0.
13 13

Example 5.24

Solve the equation 4x? + 2x + 1 = 0.
As A= (2)2—4-4-1 = —12, so this equation has no real roots.

But we can find two complex roots knowing that vV—1 = i. Then VA= iv/12 =2iv/3 and

Rt Co-funded by the 42

L Erasmus+ Programme
ExE of the European Union



ARE Innovative Approach in Mathematical Education for Maritime Students

a+h/Cl
2019-1-HR01-KA203-061000

_—2-2iW3 _ -1-i3 —-1+iV3

X .
1 8 4’ 2 4

Solving quadratic inequalities

Quadratic inequalities can be of the following forms:
ax?+bx +c >0,
ax?+bx +c >0,
ax®>+bx+c <0,
ax? +bx +c<0.

To solve a quadratic inequality, we must determine which part of the graph of a quadratic function
lies above or below the x-axis. An inequality can therefore be solved graphically using a graph or
algebraically using a table of signs to determine where the function is positive and negative.

Example 5.25

Solve for x: x2 — 5x + 6 = 0.

Solution

Let us factorize the quadratic: (x —3)(x —2) =0,
then we determine the critical values of x.

From the factorized quadratic we see that the values for which the inequality is equal to zero are x =
3 and x = 2. These are called the critical values of the inequality and they are used to complete a
table of signs. To do we must determine where each factor of the inequality is positive and negative
on the number line:

to the left (in the negative direction) of the critical value
equal to the critical value
to the right (in the positive direction) of the critical value

In the final row of the table, we determine where the inequality is positive and negative by finding
the product of the factors and their respective signs.

Critical values x =2 x=3
x—3 — - — 0 +
x—2 - 0 + + +
f(x)=(x—=3)(x—2) + 0 — 0 +
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From the table we see that f(x) is greater than or equal to zero forx < 2 orx = 3.

The graph in Figure 5.23 does not form part of the answer and is included for illustration purposes. A
graph of the quadratic helps us determine the answer to the inequality. We can find the answer
graphically by seeing where the graph lies above or below the x-axis.

From the standard form, x? —5x + 6, a > 0 and therefore the parabola opens up and has a
minimum turning point.

From the factorized form, (x — 3)(x — 2), we know the x-intercepts are (2; 0) and (3;0).

)

ot

2 + y=2a>—-5x+6

— A "
P2 3 4 5

Figure 5.23 Graph of f(x) = x* — 5x + 6.

The parabola is above or on the x —axis forx < 2 orx = 3.
Final answer and presentation on a number line is:

x?—5x+6 = 0for x € (—o0,2] U [3,»)

Example 5.26

Suppose that you head out on a river boat cruise that takes 4 hours to go 20 km upstream and then
turn around and go 20 km back downstream. When you get back, you notice that the speedometer
of the boat wasn't working during the cruise, so you want to calculate the boat's speed. The river has
a current of 3 kilometers per hour.

Solution

Assume that v,-speed of the boat. As s =v-t, t = % we can create an equation:
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20 20
vp—3 vp+3

=4,

Multiply both sides by (v, — 3) (v, + 3) and get
ZO(Ub - 3) + ZO(Ub + 3) = 4(Ub - 3)(Ub + 3)

then
40v, = 41,2 =36 , 4v,> — 40V, —36=0
A= (—40)% — 4(4)(—36) = 2176
VA= 2176
40 — /2176 40 ++2176
xXvy, =———~ —-083 v, =— = 10.83
1 8 2 8
We see that v, = —0.83 or v, = 10.83. Since we are talking about a speed, the negative answer

makes no sense, so the answer is v, = 10.83. In other words, the boat was traveling at a speed of
10.83 km/h.
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Exercises

NN Solve the quadratic equations and inequalities:

a)
b)
c)
d)
e)
f)
8)
h)
i)
i)

9x% 4+ 42x + 49 = 0.

12x% — 25x + 12 = 0.

x2+4x+1=0.

x*—=3x24+2=0 Hint: Substitutex? =t, t> 0.
9—x2<0.

x? —8x > 0.

—x?+4x -3 <0.

—x2 + x —+/2007 < 0.

x? ++/1999x + 500 < 0.

x(x+1)<0.

A dolphin jumps out of the sea with an initial velocity of 20 feet per second (assume its
starting heigh is O feet). Use the vertical motion model, h = —16t? + vt + s, where v is initial
velocity in feet/second and s is the dolphin starting height in feet, to calculate the amount of time
the dolphin is in the air before it hits the water again (see the Figure below). Round you answer to
the nearest tenth if necessary.

A h

m An osprey, a fish-eating bird of prey, dives toward the water to a salmon.
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The height h, in meters of the osprey above the water t seconds after it begins its dive can be
approximated by the function h(t) = 5t — 30t + 45. Determine the time it takes for the osprey
to reach a return height of 20 m. See figure below.

LIEHERVA A rocket is launched at t = 0 seconds. Its height, in meters above sea-level, is given the
equation h = —4.9t% 4+ 52t + 376. At what time does the rocket hit the sea? (Round answer to
2 decimal places).

Answers
5.14.
2 x=—l
% 4
b X1 = Z' Xy = 5
c. x,==2—-+3, x,=-2+3
d. x; =1, x,=-1, x3=2, x, =2
e. X € (—o,—3]U][3,00)
f. x € (—,0) U (8,0)
g. x € (—,1)U (3,0)
h. xR
i. No solutions
j. x€[-1,0].

5.15. The dolphinis in the air for% = 1.25 = 1.3 seconds.
5.16. It takes 5 seconds for the osprey to reach a return height of 20 m.

5.17. t = 15,55 seconds.
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Sample chapter exam

1. Sketch the following polynomials:

a) flx)=x—-3)(x+6)
b) f(x) =x2+4x + 1.

2. Find the y — and x —intercepts of a parabola f(x) = 2x? — 3x — 2.
3. Find the domain and range of f(x) = 3x% + 9x — 1.

4. Find the vertex of a quadratic function f(x) = x? — x — 2. Rewrite the quadratic in
standard form (vertex form).

5. Solve the equations:

a) x2—2x—15=0.
b) x?+4x + 15 = 0.

6. Solve the inequalities:
a) x2—x<2
b) x?+1>2x?% —x.

7. The seaman launch the flare from a crow’s nest of a height of 5 meters. The height (h, in
meters) of the flare t seconds after taking off is given by the formula:

h = —3t? + 14t + 5.

a) How long will it take for the flare to hit the sea?
b) Find the time when the flare is 5 meters form hitting the sea.
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5.4.3. Exponential functions

The exponential functions are mathematical functions used in many real-world situations. They are
mainly used to find the exponential decay or exponential growth or to compute investments, model
populations, radioactive decay and so on. In this section, you will learn about exponential function
formulas, rules, properties, graphs, derivatives, exponential series and examples.

Definition and properties

Let a be given real number auch that,a > 0, a # 1.
A function of the form y = a* is called exponential, x is any number.
a is called the base, while x is called the exponent.
The domain of the exponential function is R, while the range is (0, ).
The exponential function we define in four stages:
a) If x =n, a positive integer, then

a*=a-a-a;

[ —
n factors
b) Ifx =0, then a® = 1;
c) Ifx = —n, where nis a positive integer, then a™" = in;

d) If x isarational number, x = 2, where p, q are inegers and g > 0, then

P
q

= q\/ap.

=a

X
Figure 5.34 presents the graphs of the exponential functions y = 2%, y = G) ,

X X X
y=4% y= G) ,Y = G) , Yy = G) . Notice that both graphs pass through the same point

(0,1), because a® = 1 for a # 0. Notice also that as the base a gets larger, the exponential functions
grows more rapidly (for x > 0). When the basea > 1 (a =1, a=4 a= 3) :

— the exponential function is increasing;
— the graph is asymptotic to the x-axis as x approaches negative infinity;

— the function increases without bound as x approaches positive infinity;
— the graph is continuous;

— the graph is smooth.
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y=2"X
fx)=(112)™
f(x)=(4)"x
Poi atSeriesl

y=(1/4)"x

y=(3/2)"x
y=(2/3)"x

Fgure5.24 y=2*,y= (3) y=4 y=(5) w=() v= ()

The properties of the exponential functions and their graphs when the base 0 < a < 1 are given.

e they form decreasing graphs

e thelinesin the graph above are asymptotic to the x —axis as x approaches positive infinity
e thelines increase without bound as x approaches negative infinity

e they are continuous graphs

e they form smooth graphs.

Among the infinity number of exponential functions, two of them play the most important role: y =

10%, y = e*, where the number

e = 2,71828182845904523536028747135266249775724 ...

is irrational (i.e. it cannot be represented as ratio of integers) and transcendental (i.e. it is not a root

of any non-zero polynomial with rational coefficients). It is enough to admit that
e~ 2,72.

The number e is sometimes called Euler's number, after the Swiss mathematician Leonhard Euler or

as Napier's constant. However, Euler's choice of the symbol e is said to have been retained in his
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honor. The constant was discovered by the Swiss mathematician Jacob Bernoulli while studying

compound interest.

Figure 5.25 shows the graph of y = 10%, while in Figure 5.26 you can see the graph of y = e*.

f =3 -2 -1 Q0 1 2 3

Figure 5.25 The graph of y = 10*

-3 -2 -1 0 1 2 3 4

Figure 5.26 The graph of y = e*.
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Basic rules for exponentials

Formula
Rule or special case a>0, xeER,y Example
e R
Product a*a¥ = a*ty 2324 =27
a* 4
QUOtient — ax_y 2—: 24_3 =
a’ 23
Power of power (a*)Y = a*Y (23)%2 = 223 = 26=64
Power of a product (a-b)* = a*b* (3:4)2=32-42=9-16 = 144
Power of one at=a 21 =2
Power of zero a®=1 20=1
. 1 1
Power of negative one al=- 271 = 5
a
1 1 1
Change sign of exponents X = 273 =—~=
ge sig p a ox 2373
x 3
Fractional exponents vy = y,/axz({/a)x 47 = /43 = (\/Z)s =23=-28

Solving exponential equations and inequalities

Example 5.27

Solve the following equations and inequalities.

a) 2% + 2x+1 + 2x+2 — 6x + 6x+1

Solution
Assumption: x € R. Using the rules of exponentials we have:

2X 42254222 =6 4 6-6% & 2¥(1+2+44) =6*(1+6) &
X X

6 6
2 =6 & 1=— ¢»>1=<§> &1=3* & x=0.

2%
b) (%)7x—11 > (1_71)11x—7

Solution
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Assumption: x € R. Using the rules of exponentials we have:

—177x—11 11x-7 11-7x 11x—7
&7 =@ e BT

7
As the base a = 17—1 > 1, so the last inequality is equivalent to the following inequality:
11-7x=211x—-7 & —18x=-18 & x < 1.

c) 6:9"+5-6*"-6-4*<0.
Solution
Assumption: x € R. Dividing the inequality by positive 4* we obtain

6-2—i+5-2—i—6£0 <:> 6-[(%)2]x+5-(§)x—630¢>

|G

. 3\*
Now we substitute (E) =t,

2 3 x

(=] —6<0.
v5o(d) —6=0

t > 0. Then the last inequality takes the form:

6t2+5t—6<0.

—-5-13 3 —-5+13 2

ASA=25+144=169, VA=13, ;== =-3 , ==2=2
X

Therefore 6t2 +5t —6<0 & —><t<2 & -2 g(i) <?

2 3 2 2 3

d) 22 < 3.2%HVX 4. 22V
Solution

Assumption: x = 0. Let us divide both sides of the inequality by positive 22V% and obtain

227X < 3. ¢ HERE g 22000 <320V g
Now we substitute 2¥~V* = t, t > 0.Then we get
t2<3t+4 & t?2-3t—-4<0 & (t-4H(t+1<0.

Aswe see in Figure 5.27 —1<t<4 & —1<2*V* <4,
Hence 2 V¥ <4 & 2V <22 & x—\x <2
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Now we use substitution vx = u, u = 0 and obtain

T
_

Figure 5.27 The illustration of x> — 3x — 4 < 0.

L 2o

N

w—-u<2 & ur-u-2<0 ¢ @W+Du-2)<0 &

& —1<u<?2 (seeFigure5.28)
x>0
& —1<yx<2 & Jx<2 & {x<4 & x€[0,4].

777
o

|

Figure 5.28 The illustration of x> — x — 2 < 0.

X

Example 5.28 Compound interest

Most people who have a savings account with a bank or other financial institution leave their deposits
for a period of time expecting to accrue money as time passes. If the deposits are made in an account
carrying simple interest (flat rate of interest) the interest received is calculated on the original deposit
for the duration of the account.

This would mean that if one invested 1 000 € at a flat interest rate of 3.5% then in the first year he
or she would have accrued:

total earned = principal + 3. 5% of principal over 1 year

3,5
= 1000 + 100 1000 -1 = 1000(1 + 0.035) = 1035
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Or 1035 €.

We could perform the same calculations over five years, shown in the table below.

YEAR TOTAL IN ACCOUNTS €
Year O 1000 1000
Year1 | (1 + 0.035) of amount 1000(1 + 0.035) = 1035
earned in year 0
Year2 | (1 + 0.035) of amount (14 0.035)1000(1 + 0.035)
earned in year 1 = 1071,225
Year3 | (1+ 0.035) ofamount | = 1000"-(1+ 0.035)3
earned in year 2 = 1108,71788
Year4 | (1 + 0.035) of amount 1000 - (1 + 0.035)*
earned in year 3 = 1147,523
Year 5 | (1 + 0.035) of amount 1000 - (1 + 0.035)°
earned in year 4 = 1187,686

The compound interest formula is as follows
n

r
A=P(1+—),
100
where
e Aisthe total amount returned, P is the principal (initial amount)
e 1is the rate as a percentage returned in each investment period and n is the number of

investment periods.
Example 5.29  Compound interest

Suppose in 2010 a man purchased a yacht Delfia 47S/Y 4 Breeze valued at $275 000. We know that
yacht depreciate at 11.2% each year. What would the value of the yacht be after a period of time?
Examine the table below for calculations for 5 years.

Solution
It is a special case of the depreciation formula:

p=p(1-5)"

where D is final value of the asset, P is the initial value of the asset, r is the rate of depreciation per
period and n is the number of depreciation periods.

YEAR
Year O 275000 275000
Year 1 (1 -0.112)of year 0 (1-0.112)- 275000 == 244200
55
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Year 2 (1-0.112)of year 1 275000 - (1 — 0.112)? == 216849.6
Year 3 (1 —-0.112)of year 2 275000 (1 —0.112)3 == 192 562,4
Year 4 (1 —-0.112)of year 3 275000 - (1 — 0.112)* == 170995,5
Year 5 (1 -0.112)of year 4 275000 (1 —0.112)° = = 151844
Example 5.30

Exponential decrease can be modeled as:
N(t) = Nyje™*

where N is the quantity, Ny is the initial quantity, A4 is the decay constant (specific for each element),
and t is time.

Oftentimes, half-life is used to describe the amount of time required for half of a sample to decay. It
can be defined mathematically as:

where t1 is half-life.
2

Half-life can be inserted into the exponential decay model as such:

N(t) = N, (%)t% :

Find how much carbon and iodine are present after a set period of time (t) given the information
provided in the following table.

Element y) Ny (in t
grams)
Carbon 1,203 - 10™* years ™! 3 5760 years
lodine 0,08666 days~! 5 8 days
Solution

Using the decay function
N(t) = Nyje™*t

for Carbon, the amount left aftert = 5 760 years is
N(t) = 3e~1203107%5760 _ 3,-6929 o, { © g.
For lodine, the amount left after t = 8 days is

N(t) = 50086668 = 506933 x 25 g
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Notice that in each of the cases above the resultant mass is half of the initial mass of each element.
This is an important notion in nuclear research. The time taken for a quantity of a specific element to
be reduced to one half of its original mass is known as the half-life of the element. The half-life of
carbon is 5 760 years and the half-life of iodine is 8 days.

- half-life: The time it takes for a substance (drug, radioactive nuclide, or

other) to lose half of its pharmacological, physiological, biological, or

radiological activity.
Imagine we have 100 kg of a substance with a half-life of 5 years. Then in 5 years half the
amount (50 kg) remains. In another 5 years there will be 25 kg remaining. In another 5 years,
or 15 years from the beginning, there will be 12.5. The amount by which the substance
decreases, is itself slowly decreasing.

- isotope: Any of two or more forms of an element where the atoms have the same number of
protons, but a different number of neutrons. As a consequence, atoms for the same isotope
will have the same atomic number but a different mass number (atomic weight).

Remark

Example 5.31

A certain substance decays exponentially over time and is modelled by the function

N(t) = 4e X,
where 4 = ?171 years~! and N(t) is measured in grams. Find how much of the substance is present
initially and how much is present 4 000 years later. Use the findings to comment on the half-life of

this particular substance.

Solution

t
Given the function:  N(t) = 4e(_ﬁ) )

to find the mass present initially putt = 0.
0

N(0) = ge7) =400 = 4.
Initial mass is 4 grams.

Whent = 4000
(—M) (-0,69312)
N(4000) = 4e\ 5771/ = 479 = 2,000052 =~ 2

After 4000 years the mass is 2 grams.
The mass has halved after 4 000 years so the half-life of the substance must be 4 000 years.
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Exercises

Wl Solve the equations:

a) 3x+2 _ 3x—1 — E
9"

b)

12

3_5x_2_5x—1=5x+1_?_

3 3N\*¥2 63\ 3 1
9 () =3 -3
1
d) 4596—1 — 23(x+1).
2_gx-3>
e) 25 7% z2=16v2.
f) 224+ 2% =20.
g) 3%*—-4-3*4+3=0.
h) V2%-V/3%=6*—-30
i) zx + 3x — 3x+1 _ 2x+1.

Solve inequalities:
g\ 8%¥*—9 9\ 9x%-8
5 () =G

1.2

by (%)2x2+x—1 S (i)gx +x—%.

o () =5

d) 5-4%+2-25% < 7- 10"

) 2%¥*3 —5¥ <7.2%72 _3.5%°1

f) 77%—3-7%1 >4,

WA Suppose in 2020 a man purchased a motor yacht Chris Craft Launch 25GT valued at
$234 750. We know that yacht depreciate at 11.2% each year. What would the value of

the yacht be in 20267

N EWAR The taxation department allows depreciation of 25% pa on the diminishing value of some
kind of computer devices installed on yachts produced by a boatyard. If a boatyard installs
computers valued at $120 000, construct a depreciation schedule for the next five years

presenting the information in the table.

WP The voltage (V measured in volts) across a capacitor is modelled by the equation
—t

V = 10e’s, where t is measured in seconds. Find V whent = 5.

* 4k

* X 5
*
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The decay of radium is modelled by the function R = Rye~%°77t  where R is the amount
remaining (g), tis time (weeks) and Ry is the original amount.
Generate a table of values to find the half-life of 10 g of radium.(Remember that half-life
means time to reach half of the original amount).

Carbon dating involves the measurement of concentration of carbon remaining in an
object. The decay function € = 100 - 2721786t s ysed to determine the age of a bone
taken from an archaeological dig, where C is the concentration remaining and t is time in
thousands of years. It is found that 60% of the original carbon remains in the samples.
Estimate the age of the bone. (Hint: Develop a table of values for the inverse function and
find when C = 60).
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Answers
5.18.
a) x=-1 d x=-2 g) x=0or x=1
b) x = e) x=—-1or x=7 h)x=2
c) x=2 f x=2 i) x=
5.19.
a) x€[-1, 1] c) x € (—m,1] U|[5, ) e) x € (3,:)
b) x € (_%’ g) d) x€[0, 1] f) x € (—oo,—1]
5.20. $115102.14
5.21. Year 1 |$90000
Year2 | $67500
Year3 | $50625
Year4 | $37968.75
Year5 | $28476.56

5.22. V =1.89.

5.23.

Original function
Weeks t Radium £(t) (g)
0 10,00
9,26
8,57
7,94
7,35
6,80
6,30
5,83
5,40
5,00

O 0| N|OO|UN|PDIW|IN |-

From the table we see that 10 grams of radium
is reduced to 5 grams in 9 weeks.

5.24.

Original function Inverse function
Thousands Carbon Carbon Thousands
of years t of years t

0 100 100 0
1 88 88 1
2 78 78 2
3 69 69 3
4 61 61 4
5 54 54 5

If we start with 100 g then 60% will occur
when we have 60 g. From either table we can
see that we have 60 g when the bone is4 000

years old.
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Sample chapter exam

Solve the equation: 2 - 4V* = {/2 - g*~1,
Solve the inequality: 5* — 20 > 537%,

3\ X2—x—6
Find all the values of x for which f(x) > 0, if f(x) = (E) —1.
. There are given functions: f(x) = 4**1 — 7-3% and g(x) = 3**2 — 5 4% Solve the

inequality f(x) < g(x).
Find the domain and a range of a function f(x) = e — e*.

. The equation P = 20-10%" can be used to convert any number of decibels (n) to the
corresponding number of micropascals (P) used to measure loudness. Show that a
60 decibel sound is 10 times as loud as a 50 decibel sound, and 100 times as loud as a
40 decibel sound.
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5.4.4. Logarithmic functions

Logarithmic functions are the inverses of exponential functions, and any exponential function can be
expressed in logarithmic form. Similarly, all logarithmic functions can be rewritten in exponential
form. Logarithms are useful in permitting us to work with very large numbers while manipulating
numbers of a much more manageable size.

A logarithmic function is a function of the form

y=log,x, x>0, a>0, a+1,
which is read “ y equals the log of x, base a”.

y =log,x isequivalentto x = a’.
There are no restrictions on y.

Example 5.32

Evaluate: a.logz 81, b.log,s5, c.log;o0.001.
Solution

a) log; 81 =4 because 3* = 81;

b) log,s5 =% because 25% =V25=5;

c) log;(0.001 = —3 because 1073 = — = —— = 0.001.
¢
/ 1. log,(a*) =x foreveryx € R
ber:
E@M@m 2. a'°8a¥ =x  foreveryx > 0.
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B
10+

- X

) : 1
-10 5 N

y=logax, a>1 ST
y=logax ,0<a<1

Figure 5.29 Graphs of logarithmic function when the basea > 1and 0 < a < 1.

The logarithmic function y = log, x has domain (0, ) and range R and it is continuous since it is
the inverse of a continuos function, namely, the exponential function.

As we see in Figure 5.29 when the base a > 1 the logarithmic function is increasing while for
0 < a <1 the function is decreasing. Figure 5.30 shows the graphs of y =log, x with various
values of the base a. Since log, 1 = 0, the graphs of all logarithmic functions pass through the point

(1,0).
o
i a(x)=log 1/3(x,
] fix)=log1/2(x]
_: p(x)=log3(x)
o r{x)=log2ix)
Figure 5.30 The graphs of y = log, x with various values of the base a.
63
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We need to introduce some special logarithms that occur on a very regular basis. They are
the common logarithm and the natural logarithm. Here are the definitions and notations that we will
be using for these two logarithms:

» common logarithm: logqo x = log x, the base a = 10;
» natural logarithm: log. x =Inx, where e is Euler's number.

So, as we see the common logarithm is simply the log base 10, except we drop the “base 10” part of
the notation. Similarly, the natural logarithm is simply the log base e with a different notation and
where e is the same number that we saw in the previous section and is defined to bee =
2.718281828... .Figure 5.31 presents the graphs of the logarithms.

-2

Figure 5.31 Graphsofy =logx, y =Ilnx
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Remember

If we put: @ =10 and log;ox =logx, a=e,log,x =Inx, then the defined properties of the
common logarithm and the natural logarithm functions become

y=logx < 10¥ =x,
y=Ilnx & e¥=x,
and also

log(10*) =x, x€R,

10'°8* =x, x>0,
In(e*) =x, x€R,
eln* =y x > 0.

In particular, if we set x = 10, x = e, we get
log10 =1, Ine=1.

Example 5.33

a) Findxif Inx =5.

Solution
Inx =5 means e® = x.
Therefore x = e®.

b)  Solve the equation e>~3* = 10.

Solution :
We take natural logarithm of both sides of the equation:

In(e®3%) = 1n10
5—3x =1nl10
3x=5-1n10

X =§(5—ln10).

Since the natural logarithm is found on scientific calculators, we can approximate the
solution to four decimal places: x = 0.8991.
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The following theorem summarizes the properties of logarithmic functions.

Theorem 4.1.

If a>1, the function f(x)=1log,xis one-to-one, continuous, increasing function
with domain (0, ) and range R. If x,y > 0, then

1) log,(xy) =log,x +log,y
2) log, (g) =log,x —log,y
3) log,(x”) = ylog, x

Example 5.34

a) Evaluate log, 2 + log, 32.
b) Evaluate log, 80 — log, 5.

c) Express Ina + %ln b as asingle logarithm.
Solution:
a) Using Property 1 in Theorem 4.1., we have

log, 2 +1log, 32 =log,(2-32) =log, 64 = 3,
since 43 = 64.

b) Using Property 2 we have

log, 80 —log,5 = log, % = log,16 = 4,
since 2* = 16.

c) Using Properties 3 and 1 of logarithms, we have

1
Ina+-Inb=Ina+Inbz =Ina+Invb = In(avb).

The following formula shows that logarithms with any base can be expressed in terms of the
natural logarithm.

For any positive number a, a # 1, we have

Inx
4) log, x = P
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Generally, if we need to change the base a for another, let say b , we can do it as follows

5) log,x = :::i_zz'
Example 5.35  Evaluate logg 5 = %.

Solution
In5

The graphs of the exponential function y = e* and its inverse function, the natural logarithm
function, are shown in Figure 4.4.

In common with all other logarithmic functions with base greater than 1, the natural logarithm
is a continuous, increasing function defined on (0, ©) and the y-axis is a vertical asymptote.

Example 5.36

Determine which of the numbers are greater: logz 222 or log, 33.

Solution:
As the function f(x) = log, x, @ > 1is increasing, we have

log; 222 < logs 243 = log; 3° = 5 = log, 2° = log,32 < log,33.
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Figure 5.32 Graphsof y = Inx, y = e* are symmetric with regardtoy = x.

Example 5.37  Solve the equations

a. log(3—x)(x—5) =log(x —3) +1log(5—x).
b. logs(4-3*1—-1)=2x—1.
c. log(5x? +2x —1) —log(x +2) = 1.

Solutions
a. As(3—x)(x—=15)=(x—3)(5-x),sowe can write

log(x —3) (5 —x) =log(x — 3) + log(5 — x).
So the equation is satisfied if and only if

(x—3>0 and5—-x>0) & (x>3 and x<5) & 3<x<5.

b. Assumption: 4-3*"1—-1>0, 3*71 > % and we take log base 3 of both sides of the
inequality and we get
x—1> log3i,
x—1> —log; 4,
IS Co-funded by the 68
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x > 1—logs; 4,
x > logs 3 —logs 4,
x > logs Z.

Now:

Logs(4-3*"1 — 1) = logz(3**™")
4-3%1 1 =32%1|.3
4:3*—-3=3% & (3%)%2-4-3*4+3=0.
Let3* =t, t > 0, then
t?—4t+3=0 & (t—-1)(t—-3)=0 & t=1ort=23.
Hence3* =1, 3* =3 & x=0, x=1.
Bothx = 0, x = 1 satisfy the condition x > logs z.

c. Assumption 1: 5x%2 +2x —1 > 0.
Assumption 2: x +2 > 0.
The equation can be written as follows:
log(5x%> +2x — 1) =log(x +2) +1 &

log(5x? + 2x — 1) = log(x + 2) + log(10) <
log(5x? + 2x — 1) =log[10(x + 2)] <
5x% 4 2x — 1 = 10(x + 2) for all x satisfying Assumptions: 1 and 2.

Notice that if x satisfies the equation and the Assumption 2 then x satisfies also Assumption
1. Therefore, after solving the equation, it is enough to verify if its solutions satisfy Assumption 2 — it
is much easier.
Now we solve the quadratic equation:

5x2 —8x — 21 =0:
A= 64+ 420 = 484, VA =22, x; =2 =1 x, =223
10 5 10
It is easy to check that both solutions satisfy Assumption 2, thereby Assumption 1 which means that
X1 = _E, Xy = 3

are solutions of the equation
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log(5x% + 2x — 1) —log(x + 2) = 1.

If we need to solve the logarithmic inequalities we will use the following facts:

¢
R@”M”{é@,&/ e Ifa>1, g(x) >0 then log, f(x) =log,g(x) < f(x) = g(x).

e f0<a<1, f(x)>0 then log,f(x)=log,g(x) < f(x) < gx).

Example 5.38 Solve the inequalities

log(x —4) +logx < log21.
log(2* + x —13) > x — xlog5.
3(ogs0)* | ylogsx < 167

x—1
IOg(x_z) -3 >1.

o 0o Tow

Solutions
a. Assumption:(x—4>0, x>0) & x> 4
For x > 4 we have
log(x —4) +logx <log21 < logx(x—4)<log2l & x(x—4) <21
& x?—4x—-21<0.

Compute A= 16 + 84 = 100, VA =10, x;, = =3, x, = 7.

[

m__
ot
at
i
ot
oo

Figure 5.33

Thus x € [—3,7] and taking included the assumption x > 4, finally we obtain
x € (4, 7].
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b. We write the right side of the inequality as common logarithm, namely
x —xlog5 = x(1—-1log5) = x(log10 — log5) = xlog 2 = log 2*.
Now the inequality b. can be presented as
log(2* + x — 13) > log 2*.

We know that
ifa>1, g(x) >0 then log, f(x) =log, g(x) < f(x) = g(x).
We have a = 10, g(x) =2* > 0forx € R, so
log(2* + x —13) > log2* & 2*4+x—-13> 2*¥ & x> 13.
Then x € (13, o).

C. Assumption: x > 0.

logz x

As 3(0gs0)? = (31°g3x) = x1983% 5o the inequality takes the form of

2-x1983% < 162 & xl083% < 81,
Both sides of the inequality are positive, so take both sides log base 3 we get

logs x!°83% < log;81 ¢ (log;x)? <4 < |logzx| <2 &
& —2 <logz;x<2 & logz37% <logzx < log33%? &

&3 2<x<32 & §st9.

These numbers satisfy the assumption x > 0, so x € E, 9].

d.  Assumption: xlezqtl & Jx#3 & x>3.
— >0 x>3

Now we have
-1
log(x-2) ij = log(y_z)(x — 2).

Asforx >3, a=x—-2>1, g(x) =x—2 >0, then on the basis of the fact:
“f a>1, g(x)>0 then log, f(x) =log,g(x) & f(x) = g(x)”, we obtain
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(x—1>x—2 , x>3)<2:> {

x-=3

x >3 o { x >3
x—2)(x—-3) <x-—1 x2—6x+7<0

Now we compute A= 36 — 28 = 8§, VA= 2\/7, X, =3— \/?, X, =3+ V2. From Fig. 4.6.
it follows that x € [3 —+2, 3+ V2] and x > 3. Finally

x €3, 3+2].
8 6 -4 2
-5+
Figure 5.34

Example 5.39  Measuring loudness

Sounds can vary in intensity from the lowest level of hearing (a ticking watch 7 meters
away) to the pain threshold (the roar of a jumbo jet). Sound is detected by the ear as
changes in air pressure measured in micropascals (uP). The ticking watch is about 20 (uP),
conversational speech about 20 000 (uP), a jet engine close up about 200 000 000 ( uP),
an enormous range of values. A scale was required to compress the range of
20to 200 000 000 into a more manageable and useful form from 0 to 140. The decibel
scale was invented for this purpose. If P is the level of sound intensity to be measured and
P, is a reference level, then

n = 20log (P%),

where n is the decibel scale level.
If we assume 20 (uP) to be the threshold level, then the equation would be:

20108 (L)
n= og >0
and the graph of the relationship would resemble the one below (Figure 5.35).

Decibel scale for loudness of sound
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-0

Figure 5.35 Sound level ( uP)

As the sound is measured in a logarithmic scale using a unit called a decibel then we can use the
following formula:

£ = 1010g(2)
where P is the power or intensity of the sound and P, is the weakest sound that the human ear can

hear.

One hot water pump has a noise rating of 50 decibels. One device in engine room, however, has a
noise rating of 62 decibels. How many times is the noise of the device in engine room more intense
than the noise of the hot water pump?

Solution

We can’t easily compare the two noises using the formula, but we can compare them to P,. Start by

finding the intensity of noise for the hot water pump. Use h for the intensity of the hot water pump’s
noise:

50 = 10log (Pio)

5= og(2)

h
105 = —
Py

h = 10°P,,
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then repeat the same process to find the intensity of the noise for the device in engine room

62 = 10log (=),
0

62 = 1og ()
1) - Og PO ]
1092 = £
Py’

d = 1052p,.

6.2
To compare d to h, we divide a_10"P _ qp12

h 105P,

Answer: The noise of the device in engine room is 101 (or about 15.85) times more intense of the
noise of the hot water pump.

Remark

The conditions of people on board the ships are particularly difficult, because even after working in crew cabins
are at risk of being in high-level areas vibration and noise. During the cruise, the crew cannot escape to the
forest or park in areas of peace and quiet. The crew (especially the mechanics) is exposed to danger related to
hearing loss. In addition, excessive levels of noise and vibration cause others ailments such as cardiovascular
and nervous system diseases. Ailments syndrome health related to noise, infrasonic noise and vibrations is called
vibroacoustic disease. For example, at room of marine power plant a permissible noise level is 90 decibels
(90 dB), at control room, navigation cabin —65dB.

Example 5.40

The stellar magnitude of a star is negative logarithmic scale, and the quantity measured is the
brightness of the star. If SM = —logB, where SM is stellar magnitude and B is brightness, answer
the following questions:

a) What is the stellar magnitude of star A which has a brightness of 0.7943?

b) Star B has a magnitude of 2.1, what is its brightness?

c) Compare the brightness of the two stars.

Solution

a) If the star has a brightness of 0.7943 from the formula SM = —logB it will have a
stellar magnitude of —10g(0.7943) or 0.1. This can be confirmed from the graph.
b) If the magnitudeis 2.1 then

2.1=—logB
—2.1=1logB

IS Co-funded by the 74

*
LN Erasmus+ Programme
ERE of the European Union




ARE Innovative Approach in Mathematical Education for Maritime Students

a+h/Cl
2019-1-HR01-KA203-061000

B =10"%1
B ~ 0.007943.

The brightness is 0.007943.

c) Comparing the star A with the star B : A is about 100 times brighter then B.
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Exercises
Evaluate:
a. log ;16
b. logzé
c. log, 0.5
d. log0.25
e. logz22.25
3
f. logi3V3
9
g. 169823

WA Evaluate logss 28 if we know thatlogq4 2 = a, logi, 5 = b.

EHEWIN  Solve the equations:

a. InGx—e)=1
b. log1_5(2x - 1.5) =

3
c. log,3V3 =1

2

d. logs (1 — x—Z) =-1
4

2x-5

e. In(log,x) = 0.

FH LN  Solve the equations:

a. logs(x +v3) = —logz(x — V3)

b. logz(5x+ 1) —logs(x —1) =2

c. logyx +log,(12 —2x) =2

d. log(5—x)+2logvx—3 =0

e. %log(Zx +7) +logV7x +5 =1+ logg
log 15

log3

f. logzx +logsx =
1
g. (log3x)? = ~logs x.

EH@EWAN Solve inequalities

a. log(x —3) —log(27 —x) < —log5—1
b. logi(logsx) =0

2
c. logi(|x|]—-1)> -2

3

log1 (x%-4x—4)
5

<1
log,2(x+6) =1
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f. log: 2t

2 3x+2

>3

A particular dangerous bacteria culture, that threatens the marine fauna of the Maldives,
doubles every 20 minutes and follows the exponential function N(t) = 200 - 23t , where N(t) is the
number of bacteria in the culture after t hours. After how many hours will be 1 000 000 bacteria in
the culture?

IEE &N Rearrange the following formula to make x the subject: y = 1.4e796% — 3,

Answers
424
a. 8 c —1 d —4 fo_2 g. 81

4.27.
a. x=2 C. X1=2,x,=4 f. x=5 h.

b. x = d x=4 g x;=1x,=3

N |

4.28.

a xe (32 c. xeg—lo,—l)) ”(“'13’) f xe(—i—%)-
d. x € (—o,—1) U (5,00
b x € (15] e. x€[-2, —1)u(, 3]

4.29. After approximately 4.096 hours there will be 1 000 000 bacteria in the culture.

430 x=—2In (y—”)
3 1.4
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Sample chapter exam

1. Prove the following statements:
a. logzx = 2loggx,

a. logi+vx = —log,x,
Va

c. loggsx? = log,Vx.

2. Solve the equation: logi[log,(log, x)] = —1.
2

3. Solve the inequality: log 1 (6**1 — 36%) > —2.
V5

4. Find the domain of the function: f(x) = log,2_5(x? + 2x — 3).

5. Draw the graph of each of the following logarithmic functions and analyze each of them
completely (i.e., domain, range, zeros, y —intercept, sign, maximal intervals of
monotonicity):

a. f(x) =log(—x),
b. f(x) = —log(x — 3).

Iny-In3
Inp+1 °

6.1fy = 3(ue)* show that k =

7.fA=P(1+ ", findnintermsof A, P and i.

8.* Solve the inequality without using a calculator: log,gog(x? —2007x) < 1.
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5.4.5. Square root function

Square roots are often found in math and science problems. Students can easily understand the rules of
square roots and answer any questions involving them, whether they require direct calculation or just
simplification.

A square root asks you which number, when multiplied by itself, gives the result after the “ Vo
symbol. So V4 = 2 and V25 = 5.

The “Vv 7 symbol tells you to take the square root of a number and you can find this on most

calculators. The symbol “V ” is called the radical and x is called the radicand.

We can factor square roots just like ordinary numbers, sova -b = va - Vb or

V6= Vi V3

Square root of a negative number

The definition of a square root means that negative numbers should not have a square root
(because any number multiplied by itself gives a positive number as a result). The imaginary
number i is used to mean the square root of —1,

V-1=i, i¢#=-1
Any other negative roots are expressed as multiples of i, vV—4 =+/—1 -4 = F2i.

Square root function

The square root function is a type of power function f(x) = x%, with fractional power as it can be
written

f() =2, f(x) = V.

Its domain Dy is the set of non-negative real numbers:
Dy = [0,0) = R, U {0}.
Its range is also the set of non-negative real numbers: [0, o).

The graph of the square root function is shown in Figure 5.36. with some points.
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Figure 5.36 The graph of f(x) = V/x

— ‘ » It is wrong to write V25 = +5. The radicand is the symbol of the square
’ root function and a function has only one output which as defined above

Remap]( is equal to the positive root.

s Correct answer: v25 =5
b » ltis wrong to write Vx* = x. The output of the square root is non-negative

and x in the given expression may be negative, zero or positive.

Correct answer: Vx?2 = |x|

Properties of square root function

Some of the properties of the square root function may be deduced from Fig.5.1.

1. xand y intercepts are both at (0,0).

2. the square root function is an increasing function

3. the square root function is a one-to-one function and has an inverse.

Square root functions of the general form:
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f(x) =avx—c+d.

Figure 5.37 presents how the graph of f(x) = avx — c +d looks like when the parameters a, ¢, d
change.

12

10

&

Figure 5.37 Graphsof f(x) =2Vx—1+3, glx)=—Vx+1-2, h(x) = %\/x +3,
p(x) =4Vx + 1.
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gX)=24x-1+3

f(x)=2+%-1 +1

p(x)=2Vx-1 +1.5
6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 |

B [ L/ b i s 1]
ae]

5]

Figure 5.38 What happens to the graph when the value of parameter d changes?

From Figure 5.37 to Figure 5.39.-5.4. we can conclude that

e changes in the parameter d affect the y coordinates of all points on the graph hence the
vertical translation or shifting. When d increases, the graph is translated upward and when d
decreases the graph is translated downward.

Figure 5.39 What happens to the graph when the value of parameter ¢ changes?
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p(x)=vVx+1 ,h(x) =Vx—05, glx)=vVx—1,f(x) =V/x—3 .

e When cincreases, the graph is translated to the right and when c decreases, the graph is
translated to the left. This is also called horizontal shifting.

e Parameter ais a multiplicative factor for the y coordinates of all points on the graph of
function f(x).

If a be greater than zero and larger than 1, the graph stretches (or expands) vertically. If a gets
smaller than 1, the graph shrinks vertically. If a changes sign, a reflection of the graph on the
X axis occurs.

e Only parameter c affects the domain. The domain of f(x) = avx — ¢ + d may be found by
solving the inequality x — ¢ = 0. Hence, the domain is the interval [c, ).

e Only parameters a and d affect the range. The range of function f(x) may be found as
follows: with x in the domain defined by interval [c, o0) , the v/x — ¢ is always positive or equal
to zero hence Vx—c =0 and if parameter a is positive then

avx—c = 0.

If we add dto both sides, we obtain avx—c+d=d.

Hence the range of the square root function defined above is the set of all values in the interval

[d, ).

If parameter a is negative then avx —c¢ < 0. If we add d to both sides we obtain
avx—c+d<d

Hence the range of the square root function defined above is the set of all values in the

interval (—oo, d].

Solving square roots equations and inequalities

We will use the following theorem:
Theorem 5.1.
fa=>0, b>=0,n€N,then
e a=b & a*=>p"
e a<b & a*<bp"
e a<b & a*<b™

Example 5.41

1. Solve the equation v10x + 6 =9 — x.

Solution
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Assume that 10x +6 =0, x = —g.

The left side of the equation is non-negative, so to be sure that the equation is not contradictory
we have to assume additionally that 9 — x = 0.

Finally, we get the assumption: x € [—%, 9].

Then using Theorem 5.1 we have

VIoOx +6=9—x® 10x+6=(9—x)? & x2—-28x+75=0.

A=282 —4-75=484, VA=22, x,= —==3, x,= =25

. 3 . . .
Due to the assumption x € [_E’ 9] , X1 = 3 s the solution of the equation.

Example 5.42 Solve the inequalities:

a. Vx+3<-2
b. Vv2—x> -5
c. V5—x <3

d Vv11—x>