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Solution: 

𝑃𝑃3(𝐴𝐴) = 𝐴𝐴3 − 𝐴𝐴2 − 2𝐴𝐴 

𝐴𝐴2 = 𝐴𝐴 ⋅ 𝐴𝐴 = �
1 −1 −1
−1 1 0
0 1 0

� ⋅ �
1 −1 −1
−1 1 0
0 1 0

� = �
2 −3 −1
−2 2 1
−1 1 0

� 

𝐴𝐴3 = 𝐴𝐴2 ⋅ 𝐴𝐴 = �
2 −3 −1
−2 2 1
−1 1 0

� ⋅ �
1 −1 −1
−1 1 0
0 1 0

� = �
5 −6 −2
−4 5 2
−2 2 1

� 

𝑃𝑃3(𝐴𝐴) = �
5 −6 −2
−4 5 2
−2 2 1

� − �
2 −3 −1
−2 2 1
−1 1 0

� − 2 �
1 −1 −1
−1 1 0
0 1 0

� = �
1 −1 1
0 1 1
−1 −1 1

� 

 

2.4. DETERMINANT OF A SQUARE MATRIX 

Let 𝐴𝐴 = �

𝑎𝑎11 𝑎𝑎12 ⋯ 𝑎𝑎1𝑛𝑛
𝑎𝑎21 𝑎𝑎22 ⋯ 𝑎𝑎2𝑛𝑛
⋮ ⋮ ⋱ ⋮
𝑎𝑎𝑛𝑛1 𝑎𝑎𝑛𝑛2 ⋯ 𝑎𝑎𝑛𝑛𝑛𝑛

� be a real matrix of order 𝑎𝑎. 

 

The determinant of a matrix 𝐴𝐴 is a number which can be joined to that matrix and is marked by 

det𝐴𝐴   or  �

𝑎𝑎11 𝑎𝑎12 ⋯ 𝑎𝑎1𝑛𝑛
𝑎𝑎21 𝑎𝑎22 ⋯ 𝑎𝑎2𝑛𝑛
⋮ ⋮ ⋱ ⋮
𝑎𝑎𝑛𝑛1 𝑎𝑎𝑛𝑛2 ⋯ 𝑎𝑎𝑛𝑛𝑛𝑛

�. 

If 𝑨𝑨 = [𝒂𝒂𝟏𝟏𝟏𝟏], then 𝐝𝐝𝐝𝐝𝐝𝐝𝑨𝑨 = 𝒂𝒂𝟏𝟏𝟏𝟏. 

If 𝑨𝑨 = �
𝒂𝒂𝟏𝟏𝟏𝟏 𝒂𝒂𝟏𝟏𝟐𝟐
𝒂𝒂𝟐𝟐𝟏𝟏 𝒂𝒂𝟐𝟐𝟐𝟐�, then 𝐝𝐝𝐝𝐝𝐝𝐝𝑨𝑨 = �

𝒂𝒂𝟏𝟏𝟏𝟏 𝒂𝒂𝟏𝟏𝟐𝟐
𝒂𝒂𝟐𝟐𝟏𝟏 𝒂𝒂𝟐𝟐𝟐𝟐� = 𝒂𝒂𝟏𝟏𝟏𝟏𝒂𝒂𝟐𝟐𝟐𝟐 − 𝒂𝒂𝟐𝟐𝟏𝟏𝒂𝒂𝟏𝟏𝟐𝟐. 

 

2.5. DETERMINANT OF THE MATRIX OF ORDER 𝒏𝒏 ≥ 𝟑𝟑 

The minor of the element 𝑎𝑎𝑖𝑖𝑖𝑖 of the matrix 𝐴𝐴 is determinant of the matrix that is formed from the 
matrix 𝐴𝐴 by deleting its 𝑏𝑏th row and 𝑗𝑗th column. We denote that number by 𝑀𝑀𝑖𝑖𝑖𝑖. 

Example 2.18 

For 𝐴𝐴 = �3 1
2 −4� is 

𝑀𝑀11 = −4 ,𝑀𝑀12 = 2 ,𝑀𝑀21 = 1 ,𝑀𝑀22 = 3. 

 



Innovative Approach in Mathematical Education for Maritime Students 
2019-1-HR01-KA203-061000 

31 
 

Example 2.19 

For 𝐴𝐴 = �
3 1 2
5 7 0
4 6 8

� is 

𝑀𝑀11 = �7 0
6 8� = 56 ,𝑀𝑀12 = �5 0

4 8� = 40 ,𝑀𝑀13 = �5 7
4 6� = 2 ,𝑀𝑀21 = �1 2

6 8� = −4, … 

 

The algebraic complement or cofactor of the element 𝒂𝒂𝒊𝒊𝒊𝒊 of the matrix 𝑨𝑨 is marked 𝑨𝑨𝒊𝒊𝒊𝒊. That is a 
number defined by the formula: 

𝑨𝑨𝒊𝒊𝒊𝒊 = (−𝟏𝟏)𝒊𝒊+𝒊𝒊𝑴𝑴𝒊𝒊𝒊𝒊. 

Example 2.20 

For 𝐴𝐴 = �
3 1 2
5 7 0
4 6 8

� is 

𝐴𝐴11 = 𝑀𝑀11 = 56 ,𝐴𝐴12 = −𝑀𝑀12 = −40 ,𝐴𝐴13 = 𝑀𝑀13 = 2 ,𝐴𝐴21 = −𝑀𝑀21 = 4, … 

2.6. LAPLACE EXPANSION FOR THE DETERMINANT  

The following formulas are applied for a real matrix 𝑨𝑨 = �𝒂𝒂𝒊𝒊𝒊𝒊� of order 𝒏𝒏 ≥ 𝟐𝟐: 

1
det

n

ik ik
k

A a A
=

=∑  (Laplace expansion by the 𝒊𝒊th row), 

1
det

n

kj kj
k

A a A
=

=∑  (Laplace expansion by the 𝒊𝒊th column). 

Example 2.21 

Determine det𝐴𝐴 using Laplace expansion: 

a) by the 1st row 
b) by the 2nd column 

if 𝐴𝐴 = �
3 1 2
5 7 0
4 6 8

�. 

Solution: 𝑎𝑎 = 3 

a) 

det𝐴𝐴 = �𝑎𝑎1𝑘𝑘𝐴𝐴1𝑘𝑘

3

𝑘𝑘=1

= 𝑎𝑎11𝐴𝐴11 + 𝑎𝑎12𝐴𝐴12 + 𝑎𝑎13𝐴𝐴13 = 3 ⋅ 56 + 1 ⋅ (−40) + 2 ⋅ 2 = 132 

 


