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9.7 CONTINUOUS PROBABILITY DISTRIBUTIONS

Definition: continuous random variable

We call a random variable X continuous, if there exists a continuous (almost everywhere)
nonnegative function f such that for any real number a

PX<a)= fa f(x)dx.

The function f is called the probability density function (density function) of a random variable
X.

If a given function is continuous except for a finite number of points then
Remark it is continuous almost everywhere.

If £ is a probability density function, then

J_O:of(t)dt =1.

Remark:

The cumulative distribution function (distribution function) of a continuous random variable X
is defined by

F(x)=PX<x) = fx fdt

for every real number x.

Cumulative distribution function of continuous variable and probability

1 PX=a)=PX>a)=1-F(a)
2 Pla<sX<b)=Pla<X<bhb)=P(a<X<b)=Pla<X<b)=F(b)—-F(a)
3 P(X=a)=0

Example 9.27
Given is a probability density function of a random variable X,
(1, x € [0,1]
fx) = {O, elswhere.

Find the cumulative distribution function F of a random variable X.
Solution:

We will use the formula for the cumulative distribution function. We must consider three cases:

1. x < 0 FG)=["_f)dt=["_0dt =0
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2. 0< x<1: Fe) = [ f(dt=[" 0dt+ [ 1dt=0+x=x

3. x> 1: FG) = [ f(©)dt = [ _0dt + [ 1dt + [[0dt =0+1+0=1

Finally, a distribution function is given by

0, x<0
F(x)={x, 0<x<1
1, x = 1.

Its graph is given below.

Uniform distribution function on [0,1]
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Figure 9.3. lllustration for Example 9.27

Definition: uniform random variable (continuous uniform distribution)

Uniform (rectangular) random variable X on the interval [a, b] is a variable with the probability
density

1
— ifx€lab
o ifx [a ].

0 otherwise

9.7.1 Cumulative distribution function of a uniform random variable

The cumulative distribution function of a uniform random variable X is given by

0, x<a
F(x) = ! <x<bh
(x) = o a<x<h.
1, x>b
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Exercise 9.6

Find the cumulative distribution function of a uniform random variable X on the interval [1,4].

2019-1-HR01-KA203-061000

Solution:

Sincea=1, b=4,wehaveb—a=4—1=3 and

0, x <1
1

F(x) = _31 X € [114]
1, x> 4,

Definition: Expected value

The expected value (expectation or mean value) of a continuous random variable X is defined
by

E(X) = fmxf(x)dx,

where f is a probability density function of X.

Similarly, as for discrete variables we have a linearity of E (X).
If E(X) < o0 and E(y) < oo, then for any reals a, b
E(aX 4+ bY) = aE(X) + bE(Y).

Expected value of a function of X

Let Y = g(X), where g is a continuous function of a continuous random variable X with
probability density function f. Then Y is a continuous random variable and it holds

E(Y) = f 90Of (Wdx.

Similarly, as for discrete variables we define:
The variance of X

VX)=E(X-EX)) =EX? - EX)~
The standard deviation of X

a(X) = JV(X).
2

The standard deviation of X is also denoted by ¢ and variance by a“.
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Example 9.28

Compute E(X), E(X?), V(X), o(X) for uniform random variable on the interval [0, 1].
Solution:
The density is given by
f(x)=1 for x€[0,1] and f(x) =0 elsewhere.
Thus, we have
[e%) 1 1
E(X) = f_wxf(x)dx = fo xdx = >

1

pod) = [ peodr= [ xdx =3

o0 0
1 /1 1
vn=3-(3) =1
1
o(X) = o5 ~ 0.2887.
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